Akademie věd České republiky ústav teorie informace a automatizace

Academy of Sciences of the Czech Republic institute of information theory and automation

RESEARCH REPORT

Liu Xiaoping and Sergej Čelikovský

Feedback Control of Affine Nonlinear Singular Control Systems

No. 1863 January 1996

ÚTIA AV ČR P. O. Box 18, 182 08 Prague, Czech Republic Telex: 122018 atom c, Fax: (+42)(2)688 4903 e-mail: utia@utia.cas.cz

This report constitutes an unrefereed manuscript which is intended to be submitted for publication. Any opinions and conclusions expressed in this report are those of the author(s) and do not necessarily represent the views of the Institute.

1

Feedback Control of Affine Nonlinear Singular Control Systems

Liu Xiaoping^{∗†} Department of Automatic Control Northeastern University Shenyang, 110006, P.R.China e-mail: liuxp@mail.neu.edu.cn

Sergej Čelikovský^‡ Control Theory Department Institute of Information Theory and Automation

Academy of Sciences of the Czech Republic P.O. Box 18, 182 08 Prague, Czech Republic PHONE: (42) (2) 6605 2020 FAX: (42) (2) 688 4903 e-mail: celikovs@utia.cas.cz

Abstract

This paper discusses feedback control problems like regularization, noninteraction and linearization, for affine nonlinear singular systems. First, based on the constrained dynamic algorithm in affine nonlinear systems, an algorithm is introduced. By using such an algorithm, sufficient and necessary conditions are derived for the solvability of regularization problem. Then, another algorithm is proposed, based on which a sequence of integers can be defined for the system. It is shown that such integers are invariant under the restricted equivalent transformation and the regular feedback. Sufficient and necessary conditions for the solvability of the noninteracting control problem are derived. After that, it is shown that under some conditions, the dynamic part of singular systems can be linearized by using a regular feedback. Finally, an example is provided to illustrate the main results.

Keywords. Singular systems, nonlinear control systems, regularization, noninteracting control, linearization.

∗ Supported by grants from NSF of China, NSF of Liaoning, China, State Education Commission of China, Ministry of Metallurgical Industry of China, Laboratory of Robotics, Chinese Academy of Sciences, and State Key Laboratory of Industrial Control Technology, Hangzhou, China.

†Corresponding author, Liu Xiaoping, is working as a visiting scholar in Control Theory Department, Institute of Information Theory and Automation, Academy of Sciences of the Czech Republic, Czech Republic. E-mail:xpliu@utia.cas.cz

‡Supported by the Grant Agency of Academy of Sciences of the Czech Republic through the grant No. 275403.

1 Introduction

In this paper, we consider the following affine nonlinear singular systems

ẋ = f_1(x) + p_1(x)z + g_1(x)u 0 = f_2(x) + p_2(x)z + g_2(x)u (1) where x ∈ R^n is the vector of differential variables, z ∈ R^s is the vector of algebraic variables, u ∈ R^m is the vector of inputs, p_i(x) and g_i(x), i = 1, 2, are matrix-valued analytic functions having appropriate sizes, f_1(x) and f_2(x) are vector-valued analytic functions with dimensions n and s.

The systems of the form (1) are also known as differential-algebraic systems, see [10]. Though the systems of the form (1) are a special kind of singular nonlinear systems, there exists a large number of physical systems which ought to be modeled according to (1). For instance, contrained robot systems [21], mobile robots [1], constrained mechanical systems [2, 27], chemical processes [10] and so on.

In recent years, there has been substantial progress in dealing with many aspects of singular systems. Some of these successes have been recently listed in books [4] and [7], and in survey papers [3] and [11]. For the case of linear singular systems, many papers and works dealing with the various control problems, which include solvability, controllability, observability, stability, pole-placement, observer design, decoupling, optimal control, etc., have appeared. For a fairly comprehensive introduction to linear singular systems, see books [4] and [7]. For singular nonlinear control systems, a limited attention has been recently devoted to studying the problems like solvability [23, 14, 15], controllability [12], linearization [13, 9], input-output decoupling [16], feedback stabilization [20, 26], Kronecker’s canonical forms [24], etc.

In this paper, we mainly discuss the noninteracting control problem for the system (1). The noninteracting control problem is one of the major control design problems, since it aims to reduce a multi-input multi-output system to a set of single-input single-output systems, thus greatly facilitating the control strategy. The problem of noninteracting control has been studied in great detail in regular systems. See Wonham [25], Isidori [8] or Nijmeijer and van der Schaft [22] and references therein for a survey. With regard to the noninteracting control problem of singular systems, the respective published results are limited. The first results on the subject was in the middle of the 1980s [6] for singular linear systems. For the case of singular nonlinear systems, the same problem was investigated in [16]. The results in [16] have the drawback that the conditions under which the noninteracting control problem is solvable depend on an unknown matrix which needs to be chosen first. Related results can be found in [5]

The problem is solved in two steps. First, a generalized constrained dynamic algorithm is used to regularize the system. This means that the system is changed using feedback in order to have a unique solution for any piecewise continuous input and consistent initial state. Regularization is considered as an inevitable part of any feedback design for system (1). Secondly, given a regularizable system, another algorithm is proposed, which produces a sequence of integers. These integers are invariant under the restricted system equivalence and regular proportional state feedback. The second algorithm provides a condition for existence as well as a procedure for construction of a decoupling feedback law. Finally, as an application of the results on the noninteracting control problem, dynamic equation exact linearization problem, i.e. the problem of finding a feedback such that the dynamic part of the corresponding closed-loop system possesses linearity, is addressed.

The paper is organized as follows. In Section 2 we give necessary definitions. Section 3 addresses the regularization problem. The noninteracting control problem is investigated in Section 4. In Section 5, we discuss the problem of dynamic equation exact linearization. Section 6 provides an example to illustrate the main results. Some conclusions and outlooks are contained in Section 5. Long technical proofs are collected in the Appendix.

NOTATIONS. For analytic vector-valued functions f(x) = [f_1(x), . . . , f_n(x)]^T and g(x) = [g_1(x), . . . , g_n(x)]^T, an analytic function h(x), and an analytic matrixvalued function p(x) = [p^1(x), . . . , p^r(x)] with p^i(x) = [p^i_1(x), . . . , p^i_n(x)]^T, the following notations will be used in the sequel: dh(x) = [^{∂h(x)}_{∂x1} , . . . ,^{∂h(x)}_{∂xn} ] L^0_f h(x) = h(x), L_f h(x) = dh(x)f(x), L^{k+1}_f h(x) = L_f (L^k_f h(x))

L_gL_f h(x) = L_g(L_f h(x)) L_pL^k_f h(x) = [L_p1 L^k_f h(x), . . . , L_pr L^k_f h(x)], k = 0, 1, . . . where k = 0, 1 . . ., dh is called as the differential of h, and L_f h, the Lie derivative of h along f. See [8, 22] for other differential geometric notations.

2 Definitions and Problem Formulation

Similar to the case of linear systems, the theory of the system (1) depends on what is meant by its solution; throughout this paper we adopt the following definition.

Definition 1 A pair of functions x(t) and z(t), defined on an interval [0, T ) of time, is a solution of the system (1) with initial condition x_0 and piecewise continuous input v if

1. x(t) is differentiable and z(t) is piecewise continuous;

2. x(t) and z(t) satisfy (1) for all t ∈ [0, T );

3. x(0) = x_0.

Even if the system (1) has solutions for a given initial condition x_0, its solutions need not unique. It is essential in all approaches that a feedback may be chosen so that uniqueness of solutions to the system (1) with x_0 prevails, thus we have the following definition.

Definition 2 The system (1) is said to be regular at x_0 if it has a unique solution for the initial condition x_0. It is said to be regular on a manifold M ⊂ R^n if it is regular at any x_0 ∈ M.

The definitions given above imply some regularity properties of the input u and an appropriate relation between the behavior of u(0) and z(0) and x_0. So in order to lift limitations on the input, we make the following definition.

Definition 3 The system (1) is said to be strongly regular at x_0 if it has a unique solution for the initial condition x_0 and any piecewise continuous input u. It is said to be strongly regular on a manifold M ⊂ R^n if it is strongly regular at any x_0 ∈ M.

In general, the solutions to the system (1) with x(0) = x_0 need not unique, even though they exists. Nevertheless in some cases, a feedback may be introduced so that the corresponding closed-loop system has a unique solution for an given initial condition x_0. If that is the case, the system is said to be regularizable. In mathematical terms, regularization problem can be defined as follows.

Definition 4 (Regularization Problem) Find a regular feedback of the form

u = α(x) + β(x)v + γ(x)z (2)

defined in a neighborhood U of x_0 with β(x) nonsingular on U, such that the corresponding closed-loop system

ẋ = f_1(x) + g_1(x)α(x) + [p_1(x) + g_1(x)γ(x)]z + g_1(x)β(x)v 0 = f_2(x) + g_2(x)α(x) + [p_2(x) + g_2(x)γ(x)]z + g_2(x)β(x)v (3) is strongly regular on U.

Once the question of regularity of a particular system is settled, the closed-loop system may be required to have some additional properties, such as noninteraction, linearity, and so on. The different properties, which the closed-loop system needs to have, correspond to different control problems. In the following, these control problems will be mathematically defined.

Definition 5 (Noninteracting Control Problem) Given an affine nonlinear singular system (1) with output y = h(x) ∈ R^n and an initial point x_0, find a regular feedback of the form (2), defined in a neighborhood U of x_0 with β(x) nonsingular on U, such that the corresponding closed-loop system (3) has the following properties

(a) it is strongly regular at x_0 (b) it has noninteracting property. More precisely, the noninteracting property means that for the initial state x_0 and for any pair of input functions v^a(t) and v^b(t) which are defined for t ≥ 0 and satisfy the condition (v^a(t))_i = (v^b(t))_i for all t ≥ 0, the corresponding outputs y^a(t) and y^b(t) satisfy (y^a(t))_i = (y^b(t))_i for all t ≥ 0, while for any i there exist v^a and v^b such that (y^a)_i ≠ (y^b)_i if (v^a)_i ≠ (v^b)_i, where (·)_i denotes the i−th component of (·).

Definition 6 (Dynamic Equation Exact Linearization Problem) Given an affine nonlinear singular system (1) and an initial point x_0, find a regular feedback of the form (2), defined in a neighborhood U of x_0 with β(x) nonsingular on U, and a coordinates transformation ξ = Φ(x) also defined on U, such that the corresponding closed-loop system (3) in the coordinates ξ takes the form ξ̇ = Aξ + Bv 0 = f_2(ξ) + p_2(ξ)z + g_2(ξ)v (4) with p_2(ξ) nonsingular and (A, B) controllable.

3 Regularization Problem

This section is devoted to the regularization problem. The following algorithm is based on the constrained dynamic algorithm [2] and the zero dynamic algorithm [3].

Algorithm 1 Step 0. Assume that [ p_2(x) g_2(x) ] has constant rank q_0 in a neighborhood U_0 of x_0 in R^n. If [ p̄^0_2(x) ḡ^0_2 (x) ] is the submatrix formed from the first q_0 independent rows of [p_2(x) g_2(x)], then there exists an s × s nonsingular matrix R_0(x) such that

R_0(x) [ p_2(x) g_2(x) ] = [ p̄^0_2(x) ḡ^0_2 (x) 0 0 ]

where [ p̄^0_2(x) ḡ^0_2 (x) ] has q_0 rows. It is convenient to partition R_0(x)f_2(x) as

R_0(x)f_2(x) =

[ f̄ 0_2 (x) f̃ 0_2 (x) ]

where f̄^0_2 (x) has q_0 rows.

Premultiplying the algebraic equation of (1) by the matrix R_0(x) gives 0 = [ f̄ 0_2 (x)

f̃ 0_2 (x) ] + [ p̄^0_2(x) 0 ] z + [ ḡ^0_2 (x) 0 ] u It is obvious that a necessary condition for the existence of solutions to the system (1) is that the initial condition x_0 belongs to the set M_0 = {x ∈ U_0 : f̃^0_2 (x) = 0}.

Further assusme the differential df̃^0_2 (x) of the mapping f̃^0_2 (x) has constant rank t_0 in a neighborhood U_0 of x_0 . Then locally around x_0, M_0 is an (n − t_0)-dimensional submanifold. Without loss of generality, assume that the first t_0 rows of df̃^0_2 (x) are independent (otherwise, reorder the rows of f̃^0_2 (x)), and denote

f̃^0_2 (x) = [ ϕ_0(x) ϕ̃_0(x) ]

where ϕ_0(x) has t_0 rows. Then M_0 = {x ∈ U_0 : ϕ_0(x) = 0}.

Up to now, the system (1) has been equivalently changed into the following one.

ẋ = f_1(x) + p_1(x)z + g_1(x)u 0 = f̄^0_2 (x) + p̄^0_2(x)z + ḡ^0_2 (x)u 0 = ϕ_0(x) (5)

with x_0 ∈ M_0.

Step 2. Consider the system (5). Differentiating the last equation of (5) with respect to time and substituting for ẋ, it follows:

0 = L_{f1} ϕ_0(x) + L_{p1} ϕ_0(x)z + L_{g1} ϕ_0(x)u

Assume that [ p̄^0_2(x) ḡ^0_2 (x) L_{p1} ϕ_0(x) L_{g1} ϕ_0(x) ] has constant rank q_1 in a neighborhood U_1 of x_0 in

M_0. If [ p̄^1_2(x) ḡ^1_2 (x) ] is the submatrix formed from the first q_1 independent rows of [ p̄^0_2(x) ḡ^0_2 (x) L_{p1} ϕ_0(x) L_{g1} ϕ_0(x) ] , then there exists an s × s nonsingular matrix R_1(x) such that

R_1(x) [ p̄^0_2(x) ḡ^0_2 (x) L_{p1} ϕ_0(x) L_{g1} ϕ_0(x) ] = [ p̄^1_2(x) ḡ^1_2 (x) 0 0 ]

Denote R_1(x)

[ f̄ 0_2 (x) L_{f1} ϕ_0(x) ] = [ f̄ 1_2 (x) f̃ 1_2 (x) ]

where f̄^1_2 (x) has q_1 rows.

Now it is easily seen that the algebraic equations become as follows: 0 = [ f̄ 1_2 (x)

f̃ 1_2 (x) ] + [ p̄^1_2(x) 0 ] z + [ ḡ^1_2 (x) 0 ] u It is obvious that a necessary condition for the existence of solutions to the system (1) is that the initial condition x_0 belongs to the set M_1 = {x ∈ U_1 : f̃^1_2 (x) = 0}.

Further assusme the differential of the mapping col[ϕ_0(x), f̃^1_2 (x)] has constant rank t_0 + t_1 in a neighborhood U_1 of x_0. Then locally around x_0, M_1 is an (n − t_0 − t_1)- dimensional submanifold. Without loss of generality, assume that the first t_0 + t_1 rows of col[dϕ_0(x), df̃^1_2 (x)] are independent (otherwise, reorder the rows of f̃^1_2 (x)), and denote

f̃^1_2 (x) = [ ϕ_1(x) ϕ̃_1(x) ]

where ϕ_1(x) has t_1 rows. Then M_1 = {x ∈ U_1 : ϕ_1(x) = 0} = {x ∈ U_0 : ϕ_0(x) = ϕ_1(x) = 0}.

It is easily seen that if x_0 ∈ M_1, then the system (1) is equivalent to the following one.

ẋ = f_1(x) + p_1(x)z + g_1(x)u 0 = f̄^1_2 (x) + p̄^1_2(x)z + ḡ^1_2 (x)u 0 = ϕ_1(x) (6) with x_0 ∈ M_1.

Step k+1. Consider the following system

ẋ = f_1(x) + p_1(x)z + g_1(x)u 0 = f̄^k_2 (x) + p̄^k_2 (x)z + ḡ^k_2 (x)u 0 = ϕ_k(x) (7)

which could be defined by induction, where x_0 ∈ M_k.

Differentiating the last equation of (7) gives

0 = L_{f1} ϕ_k(x) + L_{p1} ϕ_k(x)z + L_{g1} ϕ_k(x)u

Assume that [ p̄^k_2 (x) ḡ^k_2 (x) L_{p1} ϕ_k(x) L_{g1} ϕ_k(x) ] has constant rank q_{k+1} in a neighborhood U_{k+1} of

x_0 in M_k. If [ p̄^{k+1}_2 (x) ḡ^{k+1}_2 (x) ] is the submatrix formed from the first q_{k+1} independent

rows of [ p̄^k_2 (x) ḡ^k_2 (x) L_{p1} ϕ_k(x) L_{g1} ϕ_k(x) ] , then there exists an s × s nonsingular matrix R_{k+1}(x) such that R_{k+1}(x) [ p̄^k_2 (x) ḡ^k_2 (x) L_{p1} ϕ_k(x) L_{g1} ϕ_k(x) ] = [ p̄^{k+1}_2 (x) ḡ^{k+1}_2 (x) 0 0 ]

Denote R_{k+1}(x)

[ f̄ k_2 (x) L_{f1} ϕ_k(x) ] = [ f̄^{k+1}_2 (x) f̃^{k+1}_2 (x) ]

where f̄^{k+1}_2 (x) has q_{k+1} rows.

Now it is easily seen that the algebraic equations become as follows: 0 = [ f̄^{k+1}_2 (x)

f̃^{k+1}_2 (x) ] + [ p̄^{k+1}_2 (x) 0 ] z + [ ḡ^{k+1}_2 (x) 0 ] u It is obvious that a necessary condition for the existence of solutions to the system (1) is that the initial condition x_0 belongs to the set M_{k+1} = {x ∈ U_{k+1} : f̃^{k+1}_2 (x) = 0}.

Further assusme the differential of the mapping col[ϕ_0(x), ϕ_1(x), . . . , ϕ_k(x), f̃^{k+1}_2 (x)] has constant rank (t_0 + t_1 + · · · + t_k + t_{k+1}) in a neighborhood U_{k+1} of x_0. Then M_{k+1} is an (n − t_0 − t_1 − · · · − t_k − t_{k+1})-dimensional submanifold. Without loss of generality, assume that the first t_0+t_1 +· · ·+t_k +t_{k+1} rows of col[dϕ_0(x), dϕ_1(x), . . . , dϕ_k(x), df̃^1_2 (x)] are independent (otherwise, reorder the rows of f̃^{k+1}_2 (x)), and denote

f̃^{k+1}_2 (x) = [ ϕ_{k+1}(x) ϕ̃_{k+1}(x) ]

where ϕ_{k+1}(x) has t_{k+1} rows. Then M_{k+1} = {x ∈ U_{k+1} : ϕ_{k+1}(x) = 0} = {x ∈ U_0 : ϕ_0(x) = ϕ_1(x) = · · · = ϕ_k(x) = ϕ_{k+1}(x) = 0}.

Accordingly, the system (1) has been equivalently changed into the following one.

ẋ = f_1(x) + p_1(x)z + g_1(x)u 0 = f̄^{k+1}_2 (x) + p̄^{k+1}_2 (x)z + ḡ^{k+1}_2 (x)u 0 = ϕ_{k+1}(x) (8)

with x_0 ∈ M_{k+1}.

Remark 1 The similar algorithm has been used to develop the state space description for differential- algebraic equation systems [10, 26], to solve the disturbance decoupling problem for affine nonlinear singular systems [18], to derive the canonical form for a general class of nonlinear singular systems [24], and to discuss the solvability of general nonlinear singular systems [17].

It is worth noting that if f̃^k_2 (x_0) ≠ 0 for some k, then there does not exist any solution x(t) with x(0) = x_0 at all. So, the zero-value assumption at every step of Algorithm 1 is necessary for the system (1) to have a solution. If at every step of Algorithm 1 the two constant rank assumptions and the zero-value assumption are satisfied, then we call x_0 a regular point of Algorithm 1.

Remark 2 Observe that the sequence t_k is decreasing and bounded by 0, i.e.

t_1 ≥ t_2 ≥ · · · ≥ t_{k+1} ≥ · · · ≥ 0

and the sequence q_k is increasing and bounded by s, i.e. q_1 ≤ q_2 ≤ · · · ≤ q_{k+1} ≤ · · · ≤ s Therefore, Algorithm 1 will terminate after a finite number of steps, say k� +1 (bounded by n), with t_k� > 0 and t_k�_{+1} = 0. In addition, by construction, it follows that

t_0 ≤ s − q_0, t_{k+1} ≤ t_k − q_{k+1} + q_k, k > 0 (9)

The following properties of the algorithm are very useful in discussing the regularization problem.

Lemma 1 The integers q_i and t_i, i = 0, ..., and the vectors f̃^i_2(x) and ϕ_i(x), i = 0, ..., are invariant under the feedback of the type (2).

Proof: The proof is by induction on the steps of the algorithm. For i = 0, the result is obvious. Assuming that the result holds for i = k, then it is easily seen that the following relation is satisfied. [ p̄^k_2 (x) ḡ^k_2 (x) L_{p1} ϕ_k(x) L_{g1} ϕ_k(x) ] → [ p̄^k_2 (x) + ḡ^k_2 (x)γ(x) ḡ^k_2 (x)β(x) L_{p1} ϕ_k(x) + L_{g1} ϕ_k(x)γ(x) L_{g1} ϕ_k(x)β(x) ]

= [ p̄^k_2(x) ḡ^k_2 (x) L_{p1} ϕ_k(x) L_{g1} ϕ_k(x) ] [ I 0 γ(x) β(x) ]

which implies that R_{k+1}(x) → R_{k+1}(x) and q_{k+1} → q_{k+1} because of the nonsingularity of β(x) where → denotes the action of feedback. In addition,

[ f̄^{k+1}_2 (x) f̃^{k+1}_2 (x) ] = R_{k+1}(x)

[ f̄ k_2 (x) L_{f1} ϕ_k(x) ] → R_{k+1}(x)

[ f̄ k_2 (x) L_{f1} ϕ_k(x) ] + R_{k+1}(x) [ ḡ^k_2 (x) L_{g1} ϕ_k(x) ] α(x) = [ f̄^{k+1}_2 (x) + ḡ^{k+1}_2 (x)α(x)

f̃^{k+1}_2 (x) ]

which implies f̃^{k+1}_2 (x) → f̃^{k+1}_2 (x), thus t_{k+1} → t_{k+1} and ϕ_{k+1}(x) → ϕ_{k+1}(x). Now the proof is completed. 2

Theorem 1 Assume that x_0 is a regular point of Algorithm 1. Then, the system (1) is regularizable at x_0 if and only if q_k�_{+1} = s.

Proof: The If Part: It follows from q_k�_{+1} = s that the matrix [ p̄^k

�_{+12} (x) ḡ^k �_{+12}

(x) ] has full row rank, which means that there exists a matrix γ(x) such that p̄^k

�_{+12}

(x) + ḡ^k �_{+12}

(x)γ(x) is nonsingular. Imposing the feedback u = v + γ(x)z on the system (1), it follows from Lemma 1 that by using Algorithm 1 the corresponding closed-loop system (1) can be equivalently changed into

ẋ = f_1(x) + [p_1(x) + g_1(x)γ(x)]z + g_1(x)v 0 = f̄^k

�_{+1} 2 (x) + [p̄^k

�_{+12}

(x) + ḡ^k

�_{+12} (x)γ(x)]z + ḡ^k �_{+12} (x)v (10)

with x_0 ∈ M_k�_{+1}. It is obvious that the system (10) has a unique solution, i.e. it is regular.

The Only If Part: Assume that q_k�_{+1} < s. Then performing Algorithm 1 produces the following system

ẋ = f_1(x) + p_1(x)z + g_1(x)v 0 = f̄^k

�_{+1} 2 (x) + p̄^k

�_{+12} (x)z + ḡ^k �_{+12} (x)v where [p^k

�_{+12} (x) g^k �_{+12}

(x)] has full row rank q_k�_{+1} < s, x ∈ M_k�_{+1}. According to Lemma 1, it follows that the rank of p̄^k

�_{+12}

(x) can be increased to at most q_k�_{+1} < s by using the feedback. As a result, the number of constrained equations is always less than the number of the variable z no matter what feedback is imposed. So, z can never be determined uniquely, i.e. the system is not regularizable at x_0. 2

It is worth noting that for any regular point x_0 of Algorithm 1, a regularizable system can be equivalently described as

ẋ = f_1(x) + p_1(x)z + g_1(x)v 0 = f̄^k

�_{+1} 2 (x) + p̄^k

�_{+12} (x)z + ḡ^k �_{+12} (x)v (11)

where [p^k

�_{+12} (x) g^k �_{+12}

(x)] has full row rank which equals the number of the algebraic variable z, x ∈ M_k�_{+1}.

4 Noninteracting Control Problem

It follows from the last section that it is convenient to make the following assumption.

Assumption 1 The matrix [p_2(x) g_2(x)] has the full row rank, say s, at x_0.

Before discussing the noninteracting control problem, let us describe the following algorithm for the system (1) with outputs y_i = h_i(x), i = 1, . . . , m.

Algorithm 2 Step 1. Set ϕ^0_i (x) = h_i(x) and calculate L_{p1} ϕ^0_i (x), L_{g1} ϕ^0_i (x) and L_{f1} ϕ^0_i (x). If the matrix [ p_2(x) g_2(x) L_{p1} ϕ^0_i (x) L_{g1} ϕ^0_i (x) ]

has constant rank s in a neighborhood of x_0, then by Assumption 1, there exists a unique vector-valued analytic function E^0_i (x) of dimension s such that

[ L_{p1} ϕ^0_i (x) L_{g1} ϕ^0_i (x) ] = E^0_i (x)[ p_2(x) g_2(x) ]

Denote ϕ^1_i (x) = L_{f1} ϕ^0_i (x) − E^0_i (x)f_2(x). Otherwise, set r_i = 1 and quit the algorithm.

Step k+1. Assume that we have defined a sequence of ϕ^0_i (x), . . . , ϕ^k_i (x). Now calculate L_{p1} ϕ^k_i (x), L_{g1}ϕ^k_i (x) and L_{f1} ϕ^k_i (x). If the matrix [ p_2(x) g_2(x) L_{p1} ϕ^k_i (x) L_{g1} ϕ^k_i (x) ]

has constant rank s in a neighborhood of x_0, then there exists a unique vector-valued analytic function E^k_i (x) of dimension s such that

[ L_{p1} ϕ^k_i (x) L_{g1} ϕ^k_i (x) ] = E^k_i (x)[ p_2(x) g_2(x) ] (12)

Denote ϕ^{k+1}_i (x) = L_{f1} ϕ^k_i (x) − E^k_i (x)f_2(x). Otherwise, set r_i = k + 1 and quit the algorithm.

Remark 3 It can be easily seen that if s = 0, i.e. the system (1) becomes a traditional nonlinear system, then the integer r_i is equal to the characteristic number introduced in [22]. So, we may say that Algorithm 2 is the generalization of the definition of characteristic number to the singular nonlinear systems.

Performing Algorithm 2 for i = 1, . . . , m, we can obtain integers r_1, . . . , r_m. Now, let us introduce the following matrices

D(x) = L_{f1} ϕ^{r1}�^1_1 (x) · · · L_{f1} ϕ^{rm}�^1_m (x) D_z (x) = L_{p1} ϕ^{r1}�^1_1 (x) · · · L_{p1} ϕ^{rm}�^1_m (x) D_u(x) = L_{g1} ϕ^{r1}�^1_1 (x) · · · L_{g1} ϕ^{rm}�^1_m (x)

Assumption 2 The matrix [ p_2(x) g_2(x) D_z(x) D_u(x) ]

is nonsingular at x_0.

Similar to the linear case, see e.g. [7], we introduce the following nonlinear restricted equivalent transformation:

Definition 7 (Restricted Equivalent Transformation) (i) Multiply the algebraic equation by any nonsingular matrix P_3(x);

(ii) Add the algebraic equation multiplied by any matrix P_2(x) to the differential equation;

(iii) Make the coordinates transformations x = T (x̄); (iv) Make the coordinates transformations z = Q_2(x) + Q_3(x)z̄. with the Jacobian matrix of T (x), say J_T (x), and Q_3(x) being nonsingular at x_0.

It is easily seen that the affine form of the system (1) is invariant under the restricted equivalent transformation above.

Next we will prove that the integers r_1, . . . , r_m are invariant under the restricted equivalent transformation and under the feedback of the form u = α(x)+β(x)ū+γ(x)z.

Lemma 2 (r_1, . . . , r_m) are invariant under the feedback of the form u = α(x)+β(x)ū+ γ(x)z and the restricted equivalent transformation.

Proof: First, it is obvious that Algorithm 2 does not depend on the coordinates change in the x−space, i.e. the transformation (iii).

Second, it is straightforward to see that a regular feedback (2), and the operation (iv) affect all matrices in Algorithm 2 only by column operation and therefore E^k_i (x), k = 0, . . . , r_i − 2, i = 1, ..., m, remain unchanged. Moreover, one can easily see that also ϕ^{k+1}_i (x), k = 0, . . . , r_i − 2, i = 1, ..., m, remain unchanged. This means that the integers, r_1, . . . , r_m, are invariant under a regular feedback, and the operation (iv) in Definition 7.

Then, the operation (i), in fact, multiplies the functions f_2(x), p_2(x) and g_2(x) on the left by P_3(x), so it is obviously seen that it only changes E^k_i (x) into E^k_i (x)P_3(x)�^1. As a result, it does not effect (r_1, . . . , r_m) at all.

To conclude the proof, it is sufficient to verify that (r_1, . . . , r_m) are invariant under the operation (ii). To this end, set f̄_1(x) = f_1(x) + P_2(x)f_2(x)

p̄_1(x) = p_1(x) + P_2(x)p_2(x) ḡ_1(x) = g_1(x) + P_2(x)g_2(x) and ϕ̄^0_i (x) = ϕ^0_i (x) for i = 1, . . . , m. Then, it follows that

L¯_{f1}ϕ̄^0_i (x) = dϕ^0_i (x)[f_1(x) + P_2(x)f_2(x)] = L_{f1} ϕ^0_i (x) + dϕ^0_i (x)P_2(x)f_2(x) L_{p̄1}ϕ̄^0_i (x) = dϕ^0_i (x)[p_1(x) + P_2(x)p_2(x)] = L_{p1} ϕ^0_i (x) + dϕ^0_i (x)P_2(x)p_2(x) L_{ḡ1}ϕ̄^0_i (x) = dϕ^0_i (x)[g_1(x) + P_2(x)g_2(x)] = L_{g1} ϕ^0_i (x) + dϕ^0_i (x)P_2(x)g_2(x) from which it is easily concluded that Ē^0_i (x) = E^0_i (x) + dϕ^0_i (x)P_2(x) and ϕ̄^0_i (x) = ϕ^0_i (x). Similarly it is easily shown that for k = 0, . . . , r_i − 2 Ē^k_i (x) = E^k_i (x) + dϕ^k_i (x)P_2(x) and ϕ̄^{k+1}_i (x) = ϕ^{k+1}_i (x).

In addition, because L_{p̄1}ϕ̄^{ri}�^1_i (x) = dϕ^{ri}�^1_i (x)[p_1(x) + P_2(x)p_2(x)] = L_{p1} ϕ^{ri}�^1_i (x) + dϕ^{ri}�^1_i (x)P_2(x)p_2(x) L_{ḡ1}ϕ̄^{ri}�^1_i (x) = dϕ^{ri}�^1_i (x)[g_1(x) + P_2(x)g_2(x)] = L_{g1} ϕ^{ri}�^1_i (x) + dϕ^{ri}�^1_i (x)P_2(x)g_2(x) for i = 1, . . . , m, rank [ p̄_2(x̄) ḡ_2(x̄) L_{p̄1}ϕ̄^{ri}�^1_i (x̄) L_{ḡ1}ϕ̄^{ri}�^1_i (x̄) ]

= rank {[ I 0 dϕ^{ri}�^1_i (x)P_2(x) I ] [ p_2(x) g_2(x) L_{p1} ϕ^{ri}�^1_i (x) L_{g1} ϕ^{ri}�^1_i (x) ]}

= rank [ p_2(x) g_2(x) L_{p1} ϕ^{ri}�^1_i (x) L_{g1} ϕ^{ri}�^1_i (x) ] = s + 1 So the integers r_1, . . . , r_m are invariant under the operation (ii). This completes the proof of the lemma. 2 Next, we can prove the following conclusions.

Lemma 3 Suppose that Assumptions 1 and 2 hold. Then the vectors dϕ^0_1, . . . , dϕ^{r1}�^1_1 , . . . , dϕ^0_m, . . . , dϕ^{rm}�^1_m are linearly independent at the point x_0.

Proof: Assume that dϕ^0_1, . . . , dϕ^{r1}�^1_1 , . . . , dϕ^0_m, . . . , dϕ^{rm}�^1_m are not linearly independent at the point x_0. Then 0 = m∑ i=1 r_i�2∑ t=0 c^t_idϕ^t_i(x_0) + m∑ i=1 c^{ri}�^1_i dϕ^{ri}�^1_i t(x_0)

with c^t_i, t = 0, . . . , r_i − 1, i = 1, . . . , m, being constant. Consequently, one can derive 0 = { ∑m i=1 ∑r_i�_2

t=0 c^t_idϕ^t_i(x_0) + ∑m i=1 c^{ri}�^1_i dϕ^{ri}�^1_i (x_0)} [ p_1(x_0) g_1(x_0) ] = ∑m i=1 ∑r_i�_2

t=0 c^t_i [ dϕ^t_i(x_0)p_1(x_0) dϕ^t_i(x_0)g_1(x_0) ] + ∑m i=1 c^{ri}�^1_i [ dϕ^{ri}�^1_i (x_0)p_1(x_0) dϕ^{ri}�^1_i (x_0)g_1(x_0) ] = ∑m i=1 ∑r_i�_2

t=0 c^t_i [ L_{p1} ϕ^t_i(x_0) L_{g1} ϕ^t_i(x_0) ] + ∑m i=1 c^{ri}�^1_i [ L_{p1} ϕ^{ri}�^1_i (x_0) L_{g1} ϕ^{ri}�^1_i (x_0) ] which implies that the matrix [ p_2(x_0) g_2(x_0) D_z(x_0) D_u(x_0) ] = p_2(x_0) g_2(x_0) L_{p1} ϕ^{r1}�^1_1 (x_0) L_{g1} ϕ^{r1}�^1_1 (x_0) . . . . L_{pm} ϕ^{rm}�^1_m (x_0) L_{gm} ϕ^{rm}�^1_m (x_0) is singular. This contradicts to Assumption 2, i.e. the lemma has been proved. 2

It follows from Lemma 3 that it is always possible to select (n−r) smooth functions, say ψ_1, . . . , ψ_{(n}�_{r)}, such that the vectors

dϕ^0_1, . . . , dϕ^{r1}�^1_1 , . . . , dϕ^0_m, . . . , dϕ^{rm}�^1_m dψ_1, . . . , dψ_{(n}�_{r)}

are linearly independent at x_0, that is,

col(ϕ^0_1, . . . , ϕ^{r1}�^1_1 , . . . , ϕ^0_m, . . . , ϕ^{rm}�^1_m ψ_1, . . . , ψ_{(n}�_{r)})

constitutes a local coordinates transformation, where r = r_1 + · · · + r_m. Now let ξ^k_i = ϕ^k�^1_i (x), k = 1, . . . , r_i, i = 1, . . . , m η_i = ψ_i(x), i = 1, . . . , n − r [ η ξ ] = ϕ(x) Then it is easily derived that the description of the system (1) in the new coordinates admits the following form

η̇ = f̄_1(η, ξ) + p̄_1(η, ξ)z + ḡ_1(η, ξ)u 0 = [f_2(x) + p_2(x)z + g_2(x)u]_{x=ϕ}�1_{(η,ξ)} ξ̇1_i = ξ2_i . . ξ̇^ri�^1_i = ξ^ri_i ξ̇ri = [L_{f1} ϕ^ri�^1_i (x) + L_{p1} ϕ^ri�^1_i (x)z + L_{g1} ϕ^ri�^1_i (x)u]_{x=ϕ}�_{1(η,ξ)} y_i = ξ^1_i i = 1, . . . , m (13) Now the following feedback law is imposed

u = −{D_u(x) − [D_z(x) + D_u(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)}�^1× {D(x) − [D_z(x) + D_u(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x)} +{D_u(x) − [D_z(x) + D_u(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)}�^1v + γ(x)z

with p_2(x) + g_2(x)γ(x) nonsingular at x_0. An immediate calculation shows that the corresponding closed-loop system becomes as follows:

η̇ = f̂_1(η, ξ) + p̂_1(η, ξ)z + ĝ_1(η, ξ)v 0 = f̂_2(η, ξ) + [p_2(x) + g_2(x)γ(x)]_{x=ϕ}�1_{(η,ξ)}z + ĝ_2(η, ξ)v ξ̇1_i = ξ2_i . . ξ̇^ri�^1_i = ξ^ri_i ξ̇ri = v_i y_i = ξ^1_i i = 1, . . . , m (14) The structure of these equations shows that the noninteraction requirements have been achieved. As a mater of fact, the input v_1 controls only the output y_1, throughout a chain of r_1 integrators, the input v_2 controls only the output y_2, throughout a chain of r_2 integrators, etc. In addition, the nonsingularity of the matrix p_2(x) + g_2(x)γ(x) guarantees that the system (14) has the property (a) given in Definition 5. Therefore the assumption 2 is a sufficient condition for the solvability of the noninteraction control problem. In fact, it is also necessary.

Theorem 2 Suppose that Assumption 1 holds and the matrix [ p_2(x) g_2(x) L_{p1} ϕ^{ri}�^1_i (x) L_{g1} ϕ^{ri}�^1_i (x) ]

is of full row rank at x_0 for all i = 1, . . . , m. Then the noninteracting control problem is solvable if and only if Assumption 2 is satisfied.

Proof: Sufficiency was already verified. Now let us prove its necessity. To this end, assume that the closed-loop system (3) has been rendered noninteractive, i.e. possesses the properties (a) and (b). It is easily seen that a necessary condition under which the system (3) has the property (a) is that the matrix p_2(x) + g_2(x)γ(x) is nonsingular at x_0. As a result, z can be uniquely determined from the second equation of (3) as

z = −[p_2(x) + g_2(x)γ(x)]�^1[f_2(x) + g_2(x)α(x) + g_2(x)β(x)v]

Substituting this into the first equation of (3) yields

ẋ = {f_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x)} +{g_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)}α(x) +{g_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)}β(x)v y = h(x) (15)

According to the noninteractive property of the system (3), it follows that the system (15) has the property (b), that is, the system

ẋ = {f_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x)} +{g_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)}w y = h(x) (16)

can be decoupled by the feedback w = α(x) + β(x)v.

Next we use that following two lemmas.

Lemma 4 Suppose that Assumption 1 holds and the matrix [ p_2(x) g_2(x) L_{p1} ϕ^{ri}�^1_i (x) L_{g1} ϕ^{ri}�^1_i (x) ]

is of full row rank at x_0 for all i = 1, . . . , m. Then for any matrix γ(x) which renders p_2(x) + g_2(x)γ(x) nonsingular at x_0, L_gL^k_f h_i(x) = 0, k = 0, . . . , r_i − 2, i = 1, . . . , m for all x in a neighborhood of x_0, and

L_gL^{ri}�^1_f h_i(x_0) ≠ 0, i = 1, . . . , m

with f(x) = f_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x) g(x) = g_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)

Proof: See Appendix.

Lemma 5 Suppose that Assumption 1 holds. Then the system (16) has a vector relative degree (r_1, . . . , r_m) if and only if Assumption 2 is satisfied.

Proof: See Appendix.

According to the results about the noninteracting control problem of the regular system [8], it follows from Lemma 4 that the system (16) has a vector relative degree (r_1, . . . , r_m). According to Lemma 5, one can derive that Assumption 2 is necessary for the system (3) to have the property (b). This completes the proof of the theorem. 2

It is important to note that for any matrix γ(x) which renders p_2(x) + g_2(x)γ(x) nonsingular, the reletive degree of the system (16) coincides with a set of the integers r_1, . . . , r_m defined by Algorithm 2 for the system (1) with outputs y_i = h_i(x), i = 1, . . . , m. Therefore, it is convenient to call such a set of integers as a generalized relative degree of the system (1).

5 Dynamic Equation Exact Linearization Problem

This section will investigate the dynamic equation exact linearization problem. According to the discussion given in the last section, it is obvious that if r = n, then the closed-loop system (14) becomes as follows

ξ̇1_i = ξ2_i . . ξ̇^ri�^1_i = ξ^ri_i ξ̇ri = v_i y_i = ξ^1_i 0 = f̂_2(η, ξ) + [p_2(x) + g_2(x)γ(x)]_{x=ϕ}�1_{(η,ξ)}z + ĝ_2(η, ξ)v i = 1, . . . , m (17) which possesses the form of (4).

Thus, it follows that the sufficient condition for the solvability of the Dynamic Equation Exact Linearization Problem is that there exist m−smooth functions h_1(x), . . . , h_m(x) such that the system with outputs y_i = h_i(x), i = 1, . . . , m, has a generalized relative degree {r_1, . . . , r_m} at x_0 and r_1 + · · · + r_m = n. We show now that the condition in question is also necessary.

Lemma 6 Suppose that Assumption 2 holds. Then the Dynamic Equation Exact Linearization Problem is solvable if and only if there exist m−smooth functions h_1(x), . . . , h_m(x) such that the system with outputs y_i = h_i(x), i = 1, . . . , m, has a generalized relative degree {r_1, . . . , r_m} at x_0 and r_1 + · · · + r_m = n.

Proof. Clearly, we only have to show that the conditions are necessary. Without loss of generality, we may assume that the matrices A and B in (4) have the form (Brunowsky canonical form) a = diag(A_1, . . . , A_m) B = diag(b_1, . . . , b_m) where A_i is the r_i × r_i matrix

A_i =

0 1 0 · · · 0 0 0 1 · · · 0 . . . . . . · · · . . 0 0 0 · · · 1 0 0 0 · · · 0 and b_i is the r_i × 1 vector b_i = col(0, . . . , 0, 1) Now decompose ξ into ξ = col(ξ^1, . . . , ξ^m) and set

y_i = [1 0 · · · 0]ξ^i, i = 1, . . . , m

with dim(ξ^i) = r_i, i = 1, . . . , m. A straightforward calculation shows that the system ξ̇ = Aξ + Bv 0 = f_2(ξ) + p_2(ξ)z + g_2(ξ)v

with output functions y_i = [1 0 · · · 0]ξ^i, i = 1, . . . , m, has a generalized relative degree {r_1, . . . , r_m}. It follows from Lemma 2 that the condition is necessary. 2

In order to find m smooth functions h_1(x), . . . , h_m(x) satisfying the requirements of Lemma 6, we provide the following lemma.

Lemma 7 Suppose that Assumption 2 holds. Then the following statements are equilvalent

1. there exist m−smooth functions h_1(x), . . . , h_m(x) such that the system with outputs y_i = h_i(x), i = 1, . . . , m, has a generalized relative degree {r_1, . . . , r_m} at x_0 and r_1 + · · · + r_m = n;

2. there exist m−smooth functions h_1(x), . . . , h_m(x) such that for any matrix γ(x) which renders p_2(x) + g_2(x)γ(x) invertible, the system

ẋ = f(x) + g(x)v (18)

with outputs y_i = h_i(x), i = 1, . . . , m, has a relative degree {r_1, . . . , r_m} at x_0 and r_1 + · · · + r_m = n where

f(x) = f_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x)

g(x) = g_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)

3. For any γ(x) which makes p_2(x) + g_2(x)γ(x) invertible, the system (18) is linearizable at around x_0, that is, the distributions D_1, . . . , D_n are all involutive and nonsingular at x_0 where D_k(x) = span{ad^r_f g(x), r = 0, . . . , k − 1}, k = 0, 1, . . . Proof. The equivelence of 1 and 2 is easily proved according to the last section.

According to [8], 2 is equivalent to 3. 2

Now in view of the previous discussion, we can state the necessary and sufficient conditions for the solvability of the Dynamic Equation Exact Linearization Problem in the following way.

Theorem 3 Suppose that Assumption 2 holds. Then the Dynamic Equation Exact Linearization Problem is solvable if and only if for any any γ(x) which makes p_2(x) + g_2(x)γ(x) invertible, the distributions D_1, . . . , D_n are all involutive and nonsingular at x_0.

6 Example

In this section, we consider the following singular nonlinear system

ψ̇ = ψ_2 + (ψ_3)^2 + ψ_2(ψ_4)^2e^{ψ3} ψ_1ψ_4 − 2ψ_2(ψ_3)^2 ψ_2ψ_3 −(ψ_4)^3 + ψ_1[ψ_2 + (ψ_3)^2] −2ψ_1ψ_2 + ψ_2(ψ_4)^2(1 − 2ψ_1e^{ψ3} ) − 2ψ_1(ψ_3)^2 + ψ_6 + (ψ_5)^2 ψ_1ψ_3ψ_4 − 2ψ_5{−2ψ_1ψ_2 + ψ_2(ψ_4)^2(1 − 2ψ_1e^{ψ3} ) − 2ψ_1(ψ_3)^2 + ψ_6 + (ψ_5)^2}

+ 0 0 1 0 ψ_2ψ_3 1 ψ_1 ψ_3 0 0 ψ_2ψ_3 1 z + 0 e^{ψ3} e^{ψ3} − 2ψ_3 −2ψ_3e^{ψ4} 1 + ψ_3e^{ψ3} e^{ψ4} − 2 ψ_3e^{ψ3} 0

0 1 − 2ψ_1e^{ψ3} ψ_3e^{ψ3} −2ψ_5(1 − 2ψ_1e^{ψ3} ) u

0 = [ ψ_2(ψ_4)^2 (ψ_1)^2 + ψ_5 ] + [ 0 0 0 0 ] z + [ 0 1 0 0 ] u y_1 = ψ_1 y_2 = ψ_3

Evidently the system does not satisfy Assumption 1. However, by using Algorithm 1, it follows that under the coordinates transformation

x_1 = ψ_1 x_2 = ψ_2 x_3 = ψ_3 x_4 = ψ_4 x_5 = (ψ_1)^2 + ψ_5 x_6 = ψ_6 + (ψ_5)^2 the original system becomes

ẋ_1 ẋ_2 ẋ_3 ẋ_4 = x_2 + (x_3)^2 + x_2(x_4)^2e^{x3} x_1x_4 − 2x_2(x_3)^2 x_2x_3 −(x_4)^3 + x_1[x_2 + (x_3)^2] + 0 0 1 0 x_2x_3 1 x_1 x_3 z + 0 e^{x3} e^{x3} − 2x_3 −2x_3e^{x4} 1 + x_3e^{x3} e^{x4} − 2 x_3e^{x3} 0 u ẋ_5 = x_6 ẋ_6 = x_1x_3x_4 + x_2x_3z_1 + z_2 + x_3e^{x3} u_1 0 = [ x_2(x_4)^2

x_5 ] + [ 0 0 0 0 ] z + [ 0 1 0 0 ] u y_1 = x_1 y_2 = x_3 (19) So for any initial state x_0 which belongs to the manifold M = {x ∈ R^6 : x_5 = x_6 = 0}, the system (19) is equivalent to the following one

ẋ_1 ẋ_2 ẋ_3 ẋ_4 = x_2 + (x_3)^2 + x_2(x_4)^2e^{x3} x_1x_4 − 2x_2(x_3)^2 x_2x_3 −(x_4)^3 + x_1[x_2 + (x_3)^2] + 0 0 1 0 x_2x_3 1 x_1 x_3 z + 0 e^{x3} e^{x3} − 2x_3 −2x_3e^{x4} 1 + x_3e^{x3} e^{x4} − 2 x_3e^{x3} 0 u

0 = [ x_2(x_4)^2 x_1x_3x_4 ] + [ 0 0 x_2x_3 1 ] z + [ 0 1 x_3e^{x3} 0 ] u y_1 = x_1 y_2 = x_3 (20) It is easily seen that this system satisfies Assumption 1. In order to check whether or not the system can be decoupled, we may perform Algorithm 2 and test Assumption 2. Appropriate calculations show that

ϕ^0_1(x) = x_1 E^0_1 (x) = [e^{x3} 0] ϕ^1(x) = x_2 + (x_3)^2 ϕ^0_2(x) = x_3

D_x(x) = [ x_1x_4 x_2x_3 ]

D_z (x) = [ 1 + 2x_2(x_3)^2 2x_3

x_2x_3 1 ]

D_u(x) = [ [2(x_3)^2 + 1]e^{x3} −4x_3 1 + x_3e^{x3} e^{x4} − 2 ]

It is easy to check that Assumption 2 is satisfied. So the original system can be decoupled. In fact, under the coordinates transformation

ξ_1 = x_1 ξ_2 = x_2 + (x_3)^2 ξ_3 = x_3 η = x_4 the original system becomes as follows:

y_1 = ξ_1 ξ̇_1 = ξ_2 ξ̇_2 = x_1x_4 + [1 + 2x_2(x_3)2]z_1 + 2x_3z_2 + [2(x_3)2 + 1]ex3 u_1 − 4x_3u_2 y_2 = ξ_3 ξ̇_3 = x_2x_3 + x_2x_3z_1 + z_2 + (1 + x_3ex3 )u_1 + (ex4 − 2)u_2 η̇ = −η^3 + ξ_1ξ_2 + ξ_1z_1 + ξ_3z_2 + ξ_3e^{ξ3}u_1 0 = [ x_2(x_4)^2 x_1x_3x_4 ] + [ 0 0 x_2x_3 1 ] z + [ 0 1 x_3e^{x3} 0 ] u In addition, by using the feedback [ u_1 u_2 ] = [ x_1x_3x_4 − x_2[x_3 + (x_4)^2(2 − e^{x4} )] x_1x_4[1 − 2(x_3)^2] − x_2(x_4)^2(1 − 4x_3) + {x_1x_3x_4 − x_2[x_3 + (x_4)^2(2 − e^{x4} )]}e^{x3} ]

+ [ 0 0 1 0 ] z + [ 0 1 −1 0 ] v the closed-loop system takes the form of

y_1 = ξ_1 ξ̇_1 = ξ_2 ξ̇_2 = v_1 y_2 = ξ_3 ξ̇_3 = v_2 η̇ = −η^3 + ξ_1ξ_2 + ξ_3{ξ_1ξ_3η − [ξ_2 − (ξ_3)^2][ξ_3 + η^2(2 − e^η)]}e^{ξ3} + ξ_1z_1 + ξ_3z_2 + ξ_3e^{ξ3} v_2 0 = [ ξ_1η[1 − 2(ξ_3)^2] + 4[ξ_2 − (ξ_3)^2]ξ_3η^2 + {ξ_1ξ_3η − [ξ_2 − (ξ_3)^2][ξ_3 + η^2(2 − e^η)]}e^{ξ3} ξ_1ξ_3η + ξ_3{ξ_1ξ_3η − [ξ_2 − (ξ_3)^2][ξ_3 + η^2(2 − e^η)]}e^{ξ3} ]

+ [ 1 0 [ξ_2 − (ξ_3)^2]ξ_3 1 ] z + [ −1 0 0 ξ_3e^{ξ3} ] v (21) which possesses the properties (a) and (b) in Definition 5.

It is worth noting that this system can be decoupled with stability. In fact, solving z from the algebraic equation of (21) and substituting it into the 6th equation of (21), then letting ξ_1 = ξ_2 = ξ_3 = 0, it follows that the zero-dynamic of the system becomes η̇ = −η^3, which is asymptotically stable at η = 0. Therefore the noninteracting control problem with stability is solvable for the system.

7 Conclusion

The regularization problem has been discussed for affine nonlinear singular systems. By using an algorithm similar to the zero-dynamic algorithm or constrained dynamic algorithm, necessary and sufficient conditions for the solvability of the regularization problem has been derived. Based on this result, the noninteracting control problem has been investigated in detail for the same kind of systems. A new algorithm has been proposed, which provides a condition for existence as well as a procedure for construction of a decoupling feedback law. By using the results on the noninteracting control problem, the condition for the solvability of dynamic equation exact linearization problem has been given.

References

[1] B.d’Andrea-Novel, G.Bastin and G.Campion, Modeling and control of nonholonomic wheeled mobile robots, Proc. of IEEE Int. Conf. Robotics and Auto.,pp.1130-1135, 1991.

[2] A.M.Bloch, M.Reyhanoglu and N.H.McClamroch, Control and stabilization of nonholonomic dynamic systems, IEEE Trans. Automat control, Vol.37,pp.1746- 1757, 1992.

[3] S.L.Campbell,Descriptor systems in the 90’s, Proc. of the 29th IEEE CDC, pp.442- 447, 1990.

[4] S.L.Campbell, Singular Systems of Differential Equations, Vol.II, (London:

Pitman, 1982)

[5] E.Delaleau and P.S. Pereira de Silva, On the definition of decoupling for implicit and generalized systems, Proc. of IFAC Conf. on Systems Structure and Control, Nantes, France, pp.31-36, 1995.

[6] M.A. Christodoulou and P.N. Paraskevopoulos, Decoupling and pole-zero placement in singular systems, Preprints of the 9th IFAC World Congress, Vol.1, pp.245- 250, Budapest, 1984.

[7] Dai Liyi, Singular Control Systems, Springer,1989.

[8] A.Isidori, Nonlinear Control Systems, 3rd Edition, (Springer-Verlag, 1995).

[9] S. Kawaji and E.Z. Taha, Feedback linearization of a class of nonlinear descriptor systems, Proc. of the 33rd CDC, Vol.4, pp.4035-4037, 1994, Lake Buena Vista, FL.

[10] A. Kumar and P. Daoutidis, Control of nonlinear differential-algebraic process systems, Proc. of ACC, Baltimore, Vol. 1, pp.330-335, 1994.

[11] F.Lewis,A survey of linear singular systems, Circuits, Systems & Signal Processing, Vol.5,pp.3-36, 1986.

[12] J.Y.Lin and N.U.Ahmed, Approach to controllability problems for singular system, I. J. Control,Vol.22,pp.675-690,1991.

[13] Liu Xiaoping, On linearization of nonlinear singular control systems, Proc. of ACC, San Francisco, Vol.3, pp.2284-2287, 1993.

[14] Liu Xiaoping, Solvability of nonlinear singular systems: part I, the case without inputs, Proc. of ACC, 1995, to appear.

[15] Liu Xiaoping, Solvability of nonlinear singular systems: part II, the case with inputs, Proc. of ACC, 1995, to appear.

[16] Liu Xiaoping, Input-output decoupling for nonlinear singular control systems, Preprints of the 12th IFAC World Congress, Sydney, Vol. 6, pp.395-398, 1993.

[17] Liu Xiaoping, Dynamic input-output decoupling for nonlinear singular control systems, Preprints of IFAC Symp. NCSD, 1995, to appear.

[18] Liu Xiaoping, Disturbance decoupling for affine nonlinear singular control systems, Preprints of the 13rd IFAC World Congress, San Francisco, 1996, to appear.

[19] Liu Xiaoping and S. Čelikovský, Noninteracting control of affine nonlinear singular control systems. Technical Report, No.1852, Inst. of Info. Theory and Automation, Prague, 1995. (ftp:ftp.utia.cas.cz/pub/reports/ utia1852.ps.z).

[20] N.H.McClamroch, Feedback stabilization of control systems described by a class of nonlinear differential-algebraic equations, Systems & Control Letters, 15, 1990.

[21] N.H.McClamroch and D.W.Wang, Feedback stabilization and tracking of constrained robots. IEEE Trans. Auto. Control, Vol. 33 pp.419-426,1988.

[22] H. Nijmeijer and A. J. van der Schaft, Nonlinear Dynamical Control Systems, (Springer-Verlag, New York, 1990).

[23] W.C.Rheinboldt, On the existence and uniqueness of solutions of nonlinear semiimplicit differential-algebraic equations, Nonlinear Analysis, Theory, Methods & Appl.,Vol. 16,pp.642-661, 1991.

[24] P.Rouchon, M.Fliess and J.Levine, Kronecker’s canonical forms for nonlinear implicit differential systems, 2nd IFAC Whorkshop on System Structure and Control, pp.248-251, 3-5 Sept. 1992, Prague, Czechoslovkia.

[25] W.M. Wonham, Linear Multivariable Control: a Geometric approach, 3rd edn.

(Springer-Verlag, New York, 1985).

[26] Xiaolin Chen and M.A. Shayman, Dynamics and control of constrained nonlinear systems with application to robotics, Proc. of ACC, pp.2962-2966, 1992.

[27] L.S.You and B.S.Chen, Tracking control designs for both holonomic and non-holonomic constrained mechanical systems: a unified viewpoint, I.J. Control,Vol.58,pp.587-612,1993.

Appendix

1. Proof of Lemma 4

It easily follows from Algorithm 2 that there exists a neighborhood U of x_0 such that the relation [ L_{p1}ϕ^k_i (x) L_{g1} ϕ^k_i (x) ] = E^k_i (x)[ p_2(x) g_2(x) ] (22)

holds for k = 0, . . ., r_i − 2, i = 1, . . ., m, x ∈ U. It is well-known that the equation (22) is equivalent to the following equation

[ L_{p1}ϕ^k_i (x) L_{g1} ϕ^k_i (x) ] [ I 0 γ(x) I ] = E^k_i (x)[ p_2(x) g_2(x) ] [ I 0 γ(x) I ] that is

[ L_{p1}ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x) L_{g1} ϕ^k_i (x) ] = E^k_i (x)[ p_2(x) + g_2(x)γ(x) g_2(x) ]

for k = 0, . . ., r_i−2, i = 1, . . ., m, x ∈ U. As a result, for any γ(x) such that [p_2(x)+g_2(x)γ(x)] is nonsingular, E^k_i (x) can be uniquely determined as

E^k_i (x) = [L_{p1} ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1 (23)

with k = 0, . . ., r_i − 2, i = 1, . . ., m, x ∈ U. Substituting E^k_i (x) into (22) gives the following relations:

L_{p1} ϕ^k_i (x) = [L_{p1}ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1p_2(x) L_{g1} ϕ^k_i (x) = [L_{p1}ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) k = 0, . . ., r_i − 2, i = 1, . . ., m, x ∈ U (24) By the construction of ϕ^{k+1}_i (x), it is easily seen that

ϕ^{k+1}_i (x) = L_{f1} ϕ^k_i (x) − E^k_i (x)f_2(x) = L_{f1} ϕ^k_i (x) − [L_{p1} ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x) k = 0, . . ., r_i − 2, i = 1, . . ., m, x ∈ U (25) In addition, since

rank [ p_2(x) g_2(x) L_{p1} ϕ^{ri}�^1_i (x) L_{g1} ϕ^{ri}�^1_i (x) ]

= rank {[ p_2(x) g_2(x) L_{p1} ϕ^{ri}�^1_i (x) L_{g1} ϕ^{ri}�^1_i (x) ] [ I 0 γ(x) I ] [ I −[p_2(x) + g_2(x)γ(x)]�^1g_2(x) 0 I ]}

= rank [ p_2(x) + g_2(x)γ(x) 0 X L_{g1} ϕ^{ri}�^1_i (x) − [L_{p1}ϕ^{ri}�^1_i (x) + L_{g1} ϕ^{ri}�^1_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) ]

is of full row rank at x_0, it follows that for i = 1, . . ., m

L_{g1} ϕ^{ri}�^1_i (x_0) − [L_{p1}ϕ^{ri}�^1_i (x_0) + L_{g1} ϕ^{ri}�^1_i (x_0)γ(x_0)][p_2(x_0) + g_2(x_0)γ(x_0)]�^1g_2(x_0) ≠ 0 (26)

According to (22)-(26), it follows that for i = 1, . . ., m and x ∈ U L_gh_i(x) = dh_i(x)g(x) = dϕ^0_i (x){g_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)} = L_{g1} ϕ^0_i (x) − [L_{p1}ϕ^0_i (x) + L_{g1} ϕ^0_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) = 0 L_f h_i(x) = dh_i(x)f(x) = dϕ^0_i (x){f_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x)} = L_{f1} ϕ^0_i (x) − [L_{p1}ϕ^0_i (x) + L_{g1} ϕ^0_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x) = ϕ^1_i (x) L_gL_f h_i(x) = dϕ^1_i (x){g_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)} = L_{g1} ϕ^1_i (x) − [L_{p1}ϕ^1_i (x) + L_{g1} ϕ^1_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) = 0 L_f h_i(x) = dϕ^1_i (x){f_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x)} = L_{f1} ϕ^1_i (x) − [L_{p1}ϕ^1_i (x) + L_{g1} ϕ^1_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x) = ϕ^2_i (x) . . L_gL^{ri}�^2_f h_i(x) = dϕ^{ri}�^2_i (x){g_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)} = L_{g1} ϕ^{ri}�^2_i (x) − [L_{p1} ϕ^{ri}�^2_i (x) + L_{g1} ϕ^{ri}�^2_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) = 0 L^{ri}�^1_f h_i(x) = dϕ^{ri}�^2_i (x){f_1(x) − [p_1(x) + g_1(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x)} = L_{f1} ϕ^{ri}�^2_i (x) − [L_{p1} ϕ^{ri}�^2_i (x) + L_{g1} ϕ^{ri}�^2_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x) = ϕ^{ri}�^1_i (x) L_gL^{ri}�^1_f h_i(x_0) = dϕ^{ri}�^1_i (x_0){g_1(x_0) − [p_1(x_0) + g_1(x_0)γ(x_0)][p_2(x_0) + g_2(x_0)γ(x_0)]�^1g_2(x_0)} = L_{g1} ϕ^{ri}�^1_i (x_0)

−[L_{p1} ϕ^{ri}�^1_i (x_0) + L_{g1} ϕ^{ri}�^1_i (x_0)γ(x_0)][p_2(x_0) + g_2(x_0)γ(x_0)]�^1g_2(x_0) ≠ 0 (27) which completes the proof of the lemma.

2. Proof of Lemma 5

Sufficient Part:Since for any γ(x) which renders p_2(x) + g_2(x)γ(x) nonsingular at x_0,

rank [ p_2(x) g_2(x) D_z(x) D_u(x) ]

= rank {[ p_2(x) g_2(x) D_z(x) D_u(x) ] [ I 0 γ(x) I ] [ I −[p_2(x) + g_2(x)γ(x)]�^1g_2(x) 0 I ]}

= rank [ p_2(x) + g_2(x)γ(x) 0 [D_z(x) + D_u(x)γ(x)] D_u(x) − [D_z(x) + D_u(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) ] is nonsingular at x_0, it follows from (27) that the decoupling matrix A(x) = L_{g1} ϕ^{r1}�^1_1 (x) − [L_{p1}ϕ^{r1}�^1_1 (x) + L_{g1} ϕ^{r1}�^1_1 (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) . . L_{g1} ϕ^{rm}�^1_m (x) − [L_{p1}ϕ^{rm}�^1_m (x) + L_{g1} ϕ^{rm}�^1_m (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x)

= L_{g1} ϕ^{r1}�^1_1 (x) . . L_{g1} ϕ^{rm}�^1_m (x) − L_{p1} ϕ^{r1}�^1_1 (x) . . L_{p1} ϕ^{rm}�^1_m (x) + L_{g1} ϕ^{r1}�^1_1 (x) . . L_{g1} ϕ^{rm}�^1_m (x) γ(x) [p^2(x) + g^2(x)γ(x)]

�1g_2(x)

= D_u(x) − [D_z(x) + D_u(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) (28) is nonsingular at x_0, which implies the system (16) has a vector relative degree (r_1, . . ., r_m).

Necessary Part: Assume that the system (16) has a vector relative degree (r_1, . . ., r_m). Then calculating similarly to (27) yields

L_{g1} ϕ^k_i (x) = [L_{p1} ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) k = 0, . . ., r_i − 2, i = 1, . . ., m, x ∈ U (29) and ϕ^{k+1}_i (x) = L_{f1} ϕ^k_i (x) − [L_{p1} ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1f_2(x) k = 0, . . ., r_i − 2, i = 1, . . ., m, x ∈ U (30) Therefore,

rank [ p_2(x) g_2(x) L_{p1} ϕ^k_i (x) L_{g1} ϕ^k_i (x) ]

= rank {[ p_2(x) g_2(x) L_{p1} ϕ^k_i (x) L_{g1} ϕ^k_i (x) ] [ I 0 γ(x) I ] [ I −[p_2(x) + g_2(x)γ(x)]�^1g_2(x) 0 I ]}

= rank [ p_2(x) + g_2(x)γ(x) 0 L_{p1} ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x) L_{g1} ϕ^k_i (x) − [L_{p1}ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) ] = s and E^k_i (x) = [L_{p1} ϕ^k_i (x) + L_{g1} ϕ^k_i (x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1

It follows from (30) that ϕ^{k+1}_i (x) = L_{f1} ϕ^k_i (x) − E^k_i (x)f_2(x)

In addition,

rank [ p_2(x) g_2(x) D_z(x) D_u(x) ]

= rank {[ p_2(x) g_2(x) D_z(x) D_u(x) ] [ I 0 γ(x) I ] [ I −[p_2(x) + g_2(x)γ(x)]�^1g_2(x) 0 I ]}

= rank [ p_2(x) + g_2(x)γ(x) 0 [D_z(x) + D_u(x)γ(x)] D_u(x) − [D_z(x) + D_u(x)γ(x)][p_2(x) + g_2(x)γ(x)]�^1g_2(x) ]

= rank [ p_2(x) + g_2(x)γ(x) 0 [D_z(x) + D_u(x)γ(x)] A(x) ]

From the invertibility of A(x) and p_2(x) + g_2(x)γ(x) at x_0, it follows that the matrix [ p_2(x) g_2(x) D_z(x) D_u(x) ] is nonsingular at x_0.