Shape Optimization of Elasto-Plastic Bodies Governed by Variational Inequalities^�

Michal Kočvara^y and Jiří V. Outrata^z

1 Introduction

The subject of this paper is shape optimization of elasto-perfectly plastic bodies obeying Hencky’s law, in particular, numerical realization of this problem. As the state problem (of elasto-plasticity) can be formulated as a variational inequality (VI), the shape optimization problem leads to an interesting nonstandard control problem of the form g(u, y) → inf subject to y solves VI_u u ∈ U, where u is the control variable, y the state variable, VI_u is the state problem depending on the control u and U is a compact set. The main difficulty in solving such problems is that the map assigning to the control u the state y is generally only locally Lipschitz (under some assumptions which will be specified later), i.e., it is nondifferentiable (nonsmooth). The standard way of solving such problems is to use the so-called regularization technique: rewrite the VI as an optimization problem (if it is possible) and then penalize the constraints in this problem by a smooth penalty. This technique is widely used, e.g., in the book [5]. It is obvious that the solution obtained by means of the regularization technique may be far from the true solution of the original problem. It is the goal of this paper to solve such problems “directly”, by solving the VI (or the corresponding optimization problem) without any inexact penalization. Then, of course, we have to take care of the nondifferentiability of the problem and use a nondifferentiable optimization (NDO) code to its numerical solution.

So far, we have solved two problems of this type by such a direct method, proposed and investigated in [10]. The analysis, results and comparison with

∗IFIP Workshop Boundary Control and Boundary Variation, Sophia Antipolis, June 3– 5, 1992. To appear in LN in Control Inf. Sci. Partly supported by the German Scientific Foundation (DFG).

†Institute of Information Theory and Automation, Czechoslovak Academy of Sciences, 18208 Praha 8, Pod vodárenskou věží 4, Czechoslovakia

‡Mathematical Institute, University of Bayreuth, Postfach 10 12 58, D-8580 Bayreuth, FRG

regularization technique have been presented in [8, 10, 14]. However, the problem of shape optimization of elasto-plastic bodies is much more complicated and consequently much more difficult to solve as we shall see in the next sections.

2 Formulation of the Problem

We start with the formulation of the state problem of elasto-plasticity. Let

Ω ⊂ R^2 be a bounded domain with a Lipschitz boundary ∂Ω. Assume that

∂Ω = Γ_u ∪ Γ_g, Γ_u ∩ Γ_g = ∅,

each of the part Γ_u and Γ_g being open in ∂Ω.

Let R^{2×2}_s denote the set of symmetric 2 × 2 matrices. We introduce the set of

stress fields S(Ω) = {τ : Ω → R^{2×2}_s | | τ_{ij} ∈ L^2(Ω), i, j = 1, 2} and the isomorphism b : S(Ω) → S(Ω) defined by the generalized inverse Hooke’s law. We consider an isotropic material and plain strain relations, so the relation e = bτ can be written as

e_{11} =

1 + ν E [τ_{11} − ν(τ_{11} + τ_{22})]

e_{22} =

1 + ν E [τ_{22} − ν(τ_{11} + τ_{22})]

e_{12} =

1 + ν E τ_{12},

where e is the strain field, E the Young modulus and ν the Poisson ratio, satisfying E > 0 and 0 ≤ ν <^1_2 . Denote by (·, ·)_Ω and ‖ · ‖_Ω the L^2(Ω) inner product and norm, respectively, and by ((·, ·))_Ω and ||| · |||_Ω the energy inner product and norm, respectively, defined by

((σ, τ))_Ω = (bσ, τ)_Ω, |||σ|||_Ω = ((σ, σ))^{1/2}_Ω .

From the definition of b it is easy to show that b_0‖σ‖_Ω ≤ |||σ|||_Ω ≤ b_1‖σ‖_Ω ∀σ ∈ S(Ω) with some positive constants b_0, b_1.

Assume that a body force F = (F_1, F_2) ∈ [L^2(Ω)]^2 and a surface traction g = (g_1, g_2) ∈ [L^2(Γ_g)]^2 are given. We define the set of statically admissible stress fields satisfying the weak equilibrium conditions

E(Ω) = {τ ∈ S(Ω) | | (τ, e(w))_Ω = L_Ω(w) ∀w ∈ W (Ω)}, where W (Ω) = {w = (w_1, w_2) ∈ [H^1(Ω)]^2 | w = 0 on Γ_u},

(e(w))_{ij} = 1 2 ( ∂w_i ∂x_j + ∂w_j ∂x_i ) , i, j = 1, 2, L_Ω(w) = 2∑ i=1 ∫ Ω F_iw_i dx + 2∑ i=1 ∫ Γg g_iw_i ds, x_1, x_2 being the Cartesian coordinates. The vector field w = (w_1, w_2) is called displacement field.

Assume that a yield function Υ : R^{2×2}_s → R is given, which is convex, Lipschitz and such that Υ(λσ) = |λ|Υ(σ) ∀λ ∈ R, ∀σ ∈ R^{2×2}_s . In our considerations we shall use the von Mises function defined by

Υ(σ) = 2∑ i,j=1 σ^D_{ij} σ^D_{ij} + 1 9 (σ_{11} + σ_{22})^2 1/2 , where σ^D_{ij} = σ_{ij} − 1 2 δ_{ij}(σ_{11} + σ_{22}).

Furthemore, we define the set of plastically admissible stress fields

P (Ω) = {τ ∈ S(Ω) | | Υ(τ) ≤ c_p a.e. in Ω},

where c_p is a material constant.

The state variational inequality reads as

Find σ ∈ E(Ω) ∩ P (Ω) such that ((σ, τ − σ))_Ω ≥ 0 ∀τ ∈ E(Ω) ∩ P (Ω).

It is well-known (cp., e.g., [3]) that this VI is equivalent to the following optimization problem 1 2 |||τ|||^2_Ω → inf subject to τ ∈ E(Ω) ∩ P (Ω), (P_Ω)

known as Haar-Kármán principle.

Now, let us introduce the set of admissible design variables U_{ad} = {u ∈ C^{(0),1}([0, 1]), α ≤ u ≤ β, | | | du dx_2 | | | ≤ c_1, | | | d^2u dx^2 | | | ≤ c_2, ∫_1 0 u dx_2 = V },

where α, β, c_1, c_2 and V are given positive numbers. Consider a family of admissible domains Ω(u) with variable right “vertical” part of the boundary

Ω(u) = {(x_1, x_2) | | 0 < x_1 < u(x_2), 0 < x_2 < 1}.

The shape optimization problem reads as

J (σ(u)) → inf subject to σ(u) solves (P_{Ω(u)}) u ∈ U_{ad}, (P)

where J (σ) = ∫ Ω(u)

Υ^2(σ(u)) dx.

That means, we allow the stresses to reach the plastic limit, but we require the overall stress to be as low as possible.

Now we discretize problems (P_Ω) and (P) by the finite element method. Let N be a positive number and h = 1/N. We denote by e_j , j = 1, 2, . . . , N, the subintervals [(j − 1)h, jh] and introduce the set U^h_{ad} = {u_h ∈ U_{ad} | | u_h|e_j ∈ P_1(e_j ) ∀j}, where P_i denotes the set of polynomials of degree i. For u_h ∈ U^h_{ad} let Ω(u_h) denote the polygonal computational domain. We construct the triangulation T (h, u_h) of Ω(u_h) by means of principal moving nodes (design nodes) û^j = (u_h(jh), jh), j = 0, 1, . . . , N and associated moving nodes, x_1−coordinates of which are given by an equidistant partition of the segments [0, u_h(jh)]. Thus for a fixed h > 0, the triangulation T (h, u_h) depends continuously on u_h. The domain Ω(u_h) with a given triangulation T (h, u_h) will be denoted by Ω_h.

Denoting the triangles of T (h, u_h) by K and using the convention that the symmetric 2×2 matrix will be written as a vector from R^3, we define the following finite element spaces

W_h(Ω_h) = {w_h ∈ W (Ω_h) | | w_h|K ∈ [P_1(K)]^2 ∀K ∈ T (h, u_h)} H_h(Ω_h) = {τ ∈ S(Ω_h) | | τ|K ∈ [P_0(K)]^3 ∀K ∈ T (h, u_h)}, and the appropriate external approximation of the set E(Ω_h)

E_h(Ω_h) = {τ_h ∈ H_h(Ω_h) | | (τ|K , e(w_h))_{Ωh} = L(w_h) ∀w_h ∈ W_h(Ω_h)}.

Instead of problems (P_Ω) and (P), we introduce the following approximate state problem 1 2 |||τ_h|||^2_{Ωh} → inf subject to τ_h ∈ E_h(Ω_h) ∩ P (Ω_h),

(P_{Ωh} ) and the approximate shape optimization problem

J (σ_h(u_h)) → inf subject to σ_h(u_h) solves (P_{Ωh} ) u_h ∈ U^h_{ad}. (P_h)

The question of the existence of solutions to (P_Ω), (P), (P_{Ωh} ), (P_h), as well as the problem of convergence of the approximate solutions to the exact ones have been solved by Hlaváček [6].

Now, denote by w ∈ R^{2n} the vector of nodal displacements, i.e.,

w^{2i−1} = w_{h1}(n_i), w^{2i} = w_{h2}(n_i), i = 1, 2, . . . , n,

where n_i are the nodes of the mesh, n is their number and w_h = (w_{h1}, w_{h2}) is the approximate displacement field. Similarly, denote by y ∈ R^{3p} the vector of element stresses, i.e.,

y^{3j−2} = σ_{h1}(K_j ), y^{3j−1} = σ_{h2}(K_j ), y^{3j} = σ_{h3}(K_j ), j = 1, 2, . . . , p,

where K_j are the elements, p is their number and σ_h = (σ_{h1}, σ_{h2}, σ_{h3}) the approximate stress field. Denote further by u ∈ R^N the vector of x_1−coordinates of the design nodes.

Denoting by ’_i = (φ_i, φ_i, φ_i) the basis functions of H_h(Ω_h), such that φ_i = 1 on K_i and is zero elsewhere, i = 1, 2, . . . , p, we introduce the flexibility matrix B, defined by (B)^{ij} = ((’_i, ’_j))_{Ωh} , i, j = 1, 2, . . . , p.

Similarly, denoting by _i = (ψ_i, ψ_i) the (Courant) basis functions of W_h(Ω_h), we obtain the equilibrium matrix A and right-hand side vector f, defined by

(A)^{ij} = (’_i, e(_j ))_{Ωh} , (f)^j = L_{Ωh} (_j ), i = 1, 2, . . . , p, j = 1, 2, . . . , n.

Note that B is a block diagonal symmetric positive definite matrix of order 3p and A is a 3p × 2n sparse matrix. Obviously, B, A and f depend on the control vector u, so we shall write B(u), A(u) and f(u) when necessary.

Finally, denote by E(u) the set isometrically isomorphic with E_h(Ω(u_h)):

E(u) = {v ∈ R^{3p} | | A(u)v = f(u)};

by P the set P = {v ∈ R^{3p} | | Υ^i(v) ≤ 0, i = 1, 2, . . . , p}, where Υ^i(v) = Υ(v^{3i−2}, v^{3i−1}, v^{3i}) + c_p,

Υ being the von Mises function of plasticity; and by U_{ad} the set

U_{ad} = {u ∈ R^N | | u^i = u_h(jh) for some u_h ∈ U^h_{ad}, j = 0, 1, . . . , N}.

Now, the discretized state problem (P_{Ωh} ) can be rewritten as a convex (nonquadratic) programming problem 1 2 ⟨v, B(u)v⟩ → inf subject to v ∈ E(u) ∩ P

(2.1)

and the discretized optimal design problem (P_h) as

J(u, y) → inf subject to y ∈ arg min

v∈E(u)∩P 1 2 ⟨v, B(u)v⟩ u ∈ U_{ad} (2.2)

where J(u, v) = p∑ i=1 (meas(K_i)Υ^i(v))^2;

note that J(u, v) depends explicitly on the control u.

Denoting by S(u) the map

S : u → arg min_{v∈E(u)∩P} 1 2 ⟨v, B(u)v⟩, (2.2) may be rewritten into the form

Θ(u) ≡ J(u, S(u)) → inf subject to u ∈ U_{ad}. (2.3)

Assume that

(A1) the gradients ▽ Υ^i(y) for i ∈ I(y) ≡ {j ∈ {1, 2, . . . , p} | | Υ^j(y) = 0} are linearly independent at any y ∈ S(u), u ∈ U_{ad}.

Due to this assumption and the positive definiteness of B(u) for all u ∈ U_{ad}, S is single-valued on U_{ad}; moreover, it is locally Lipschitz ([2]) and directionally differentiable ([7, 9]). The same is true about the operators Λ_1 : u → μ ∈ R^{2n},Λ_2 : u → λ ∈ R^p_+ assigning to vectors u_0 ∈ U_{ad} the multipliers μ_0, λ_0, corresponding to the equality and inequality constraints in the inner problem (2.1), respectively.

Hence, to numerical solution of (2.3), existing NDO methods can be applied, provided we are able to compute subgradients^1 from Θ(u) for arbitrary u ∈ U_{ad}. This is the subject of the next section.

1The term subgradient is borrowed from convex analysis, where it is used for the vectors belonging to the subdifferential. Recently, however, it is frequently used also in a nonconvex setting for the elements of various generalized gradients.

3 Computation of the Subgradients

Assume that at u_0 ∈ U_{ad} the strict complementarity condition holds, i.e., for

I(u_0) ≡ { i ∈ {1, 2, . . . , p} | | Υ^i(S(u_0)) = 0 } J(u_0) ≡ { i ∈ I(u_0) | | λ^i_0 > 0 } one has I(u_0) = J(u_0).

Denote by α^i(u) the i−th row of A(u) and by β^i(u) the i−th component of f(u). Then it is well-known ([4]) that S is even differentiable at u_0 and ▽S(u_0) is given as the operator which assigns to an arbitrary vector z ∈ R^{3p} the (unique) solution of the quadratic program 1 2 ⟨v, Q(u_0)v⟩ + ⟨q(u_0), v⟩ → inf subject to ⟨▽α^i(u_0)z, y_0⟩ + ⟨▽β^i(u_0), z⟩ + ⟨α^i(u_0), v⟩ = 0, i = 1, 2, . . . , 2n, ⟨▽Υ^i(y_0), v⟩ = 0, i ∈ I(u_0), (3.1) where y_0 = S(u), μ_0 = Λ_1(u_0), λ_0 = Λ_2(u_0), Q(u_0) = B(u_0) +^p ∑ i=1 λ^i_0 ▽^2 Υ^i(y_0)

and q(u_0) = [ ▽_u(B(u_0)y_0) +^{2n} ∑ i=1 μ^i_0 ▽ α^i(u_0) ] z. If the strict complementarity at u_0 ∈ U_{ad} is violated, we will assume that

(A2) there exists an index set ~J(u_0)and a direction h ∈ R^N for which one has J(u_0 + ϑh) = I(u_0 + ϑh) = ~J(u_0) for all ϑ > 0 sufficiently small.

Under this hypothesis we have the following result.

Proposition 3.1 Let u_0 ∈ U_{ad} and ~J(u_0) satisfies (A2) with a suitable direction h ∈ R^N . Then the operator P ~_J (u_0) which assigns to an arbitrary vector

z ∈ R^N the (unique) solution of the quadratic program (2.1) with I(u0) being

replaced by ~J(u_0) belongs to the generalized Jacobian ∂S(u_0)^2.

Proof. Due to (A2), S is differentiable at u_0 + ϑh for all ϑ sufficiently small. Denote D(u_0) the 2n × N matrix, the rows of which are the vectors (▽α^i(u_0))^T y_0 + ▽β^i(u_0), i = 1, 2, . . . , 2n. Furthermore,for the sake of notational simplicity, let u_ϑ = u_0 + ϑh, y_ϑ = S(u_ϑ), μ_ϑ = Λ_1(u_ϑ) and λ_ϑ = Λ_2(u_ϑ). As it has been shown in [11],

▽S(u_ϑ) = Ξ_1(u_ϑ) ∘ [ −(▽_u(B(u_ϑ)y_ϑ) − 2n∑ i=1 μ_ϑ^i ▽ α^i(u_ϑ)) ] + Ξ_2(u_ϑ) ∘ (−D(u_ϑ)),

2See [1] for the definition.

where Ξ_1(u_ϑ) projects (Q(u_ϑ))^{−1}b, b ∈ R^{3p} onto the linear manifold

{v ∈ R^{3p} | | ⟨α^i(u_ϑ), v⟩ = 0, i = 1, 2, . . . , 2n, ⟨Υ^i(y_ϑ), v⟩ = 0, i ∈ ~J(u_0)}.

and Ξ_2(u_ϑ) assigns to a vector b^′ ∈ R^{2n} the minimum-norm element in the linear variety {v ∈ R^{3p} | | ⟨α^i(u_ϑ), v⟩ = b^{′i}, i = 1, 2, . . . , 2n}, both in the Q(u_ϑ)−metric. Evidently, for ϑ ↓ 0 one has u_ϑ → u_0, y_ϑ → y_0, μ_ϑ → μ_0 and λ_ϑ → λ_0, so that under the continuity assumptions being imposed

lim_{ϑ↓0} ▽S(u_ϑ) = Ξ_1(u_0) ∘ [ − ▽_u(B(u_0)y) − 2n∑ i=1 μ^i_0 ▽ α^i(u_0) ] + Ξ_2(u_0) ∘ (−D(u_0))

which is exactly the operator P ~_J (u_0). Thus, P ~_J (u_0) ∈ ∂S(u_0) by definition. 2

Of course, the verification of (A2) may be very difficult. In [8, 12] criteria have been derived to this purpose, but they also can hardly be applied in this complicated case. In particular, hypothesis (A2) is satisfied, if there exists such a perturbation h of the designed shape (specified by u_0) that the values of the stress function decrease below the critical limit on all elements specified by indices i ∈ I(u_0) \ J(u_0), whenever we replace the shape u_0 by u_0 + ϑh, ϑ being sufficiently small. However, in the computations performed we have not observed any difficulties due to “wrong” subgradients which indicates that the strict complementarity is rarely violated during the iteration process.

Thus, under (A2) (or under the strict complementarity) we are able to compute a matrix from ∂S(u_0) (or directly ▽S(u_0)), but the used NDO code requires a vector from ∂Θ(u_0). However, this vector may be computed on the basis of Proposition 3.1 quite easily without an explicit knowledge of a matrix from ∂S(u_0).

Proposition 3.2 Let u_0 ∈ U_{ad} and ~J(u_0) satisfy (A2) with a suitable direction h ∈ R^N . Suppose that p_1 is the (unique) solution of the adjoint quadratic program 1 2 ⟨p_1, Q(u_0)p_1⟩ − ⟨▽_yJ (u_0, y_0), p_1⟩ → inf subject to ⟨α^i(u_0), p_1⟩ = 0, i = 1, 2, . . . , 2n ⟨▽Υ^j(y_0), p_1⟩ = 0, j ∈ ~J(u_0),

(3.2)

and the vector p_2 is composed from the Lagrange multipliers of (3.2) at (u_0, y_0) corresponding to the first 2n equality constraints. Then one has

ξ ≡ ▽_uJ (u_0, y_0)− [ ▽_u(B(u_0)y_0) + 2n∑ i=1 μ^i_0 ▽ α^i(u_0) ]T p_1 −(D(u_0))^T p_2 ∈ ∂Θ(u_0).

(3.3)

Proof. According to the Jacobian Chain Rule [1]

▽_uJ (u_0, y_0) + M^T ▽_yJ (u_0, y_0) ∈ ∂Θ(u_0),

whenever M ∈ ∂S(u_0). Let z ∈ R^N be an arbitrary vector. By using the expression for P ~_J (u_0) used in the proof of the preceding assertion, one obtains

⟨▽_yJ (u_0, y_0), P ~_J (u_0)z⟩ =

⟨▽_yJ (u_0, y_0), Ξ_1(u_0) [ − ▽_u(B(u_0)y_0) −^{2n} ∑ i=1 μ^i_0 ▽ α^i(u_0) ] z + Ξ_2(u_0)(−D(u_0))z⟩ = ⟨ [ − ▽_u(B(u_0)y_0) −^{2n} ∑ i=1 μ^i_0 ▽ α^i(u_0) ]T Ξ_1(u_0) ▽_yJ (u_0, y_0), z⟩

+ ⟨(−D(u_0))^T (Ξ_2(u_0))^T ▽_yJ (u_0, y_0), z⟩,

because the projector Ξ_1(u_0) is symmetric. As Ξ_1(u_0) ▽_yJ (u_0, y_0) = p_1, and (Ξ_2(u_0))^T ▽_yJ (u_0, y_0) = p_2 due to Lemma 2.1 in [11], the assertion has been proved. 2

4 Numerical Example

Consider the problem of optimal design of elasto-perfectly plastic body, in which the initial domain Ω_0 ≡ Ω(u_0) is depicted in Figure 1. Further, let Γ_u = {(x_1, x_2) | | 0 ≤ x_1 ≤ 1.2, x_2 = 0} be the part of the boundary ∂Ω_0 with prescribed zero displacements, and let the constant surface traction g = (1, 0) is prescribed on the left vertical part of ∂Ω_0, i.e., on the segment {(x_1, x_2) | | x_1 = 0, 0 ≤ x_2 ≤ 1}. The surface traction on the rest of ∂Ω_0 is prescribed as zero, as well as the body force F . The domain is discretized by triangles defined by 7 × 7 grid of nodes. The set of admissible controls U_{ad} is characterized by numbers

α = 0.4, β = 1.6, c_1 = 5.0, c_2 = 4.0, V = 1.

Thus we have 216 state variables (72 elements × 3 unknowns per element) and 7 design variables (x_1−coordinates of principal moving nodes). The discretized state (nonlinear programming) problems (2.1) were solved by the SQP (Sequential Quadratic Programming) code NLPQLD due to K. Schittkowski [13], while the master optimization problems (2.3) by the NDO code BT (Bundle–Trust Region) due to H. Schramm and J. Zowe [14]; in particular, by its nonconvex version BTNCLC which can handle linear constraints. Figure 2 shows the optimal shape design obtained after 61 iterations of BTNCLC. The initial value of the objective functional was J_{INI} = 2.3153 and the optimal value was J_{OP T} = 1.9500 (i.e., 84% of J_{INI} ). In both figures, the elements where the plastic constraints were active — the so-called region of plasticity — are depicted by shading. We see that this region dramatically decreased after optimization.

References

[1] F. H. Clarke. Optimization and nonsmooth analysis. J. Wiley & Sons, New York, 1983.

[2] B. Cornet and G. Laroque. Lipschitz properties of solutions in mathematical programming. J. Optim. Theory Appl., 53:407–427, 1987.

[3] G. Duvaut and J. L. Lions. Les inèquations en mécanique et en physique.

Dunod, Paris, 1972.

[4] A. V. Fiacco. Sensitivity analysis for nonlinear programming using penalty method. Math. Prog., 10:287–311, 1976.

[5] J. Haslinger and P. Neittaanmaki. Finite element approximation for optimal shape design: theory and applications. J. Wiley & Sons, Chichester, 1988.

[6] I. Hlaváček. Shape optimization of elasto-plastic bodies obeying Hencky’s law. Apl. Mat., 31:486–499, 1986.

[7] K. Jitortrum. Solution point differentiability without strict complementarity in nonlinear programming. Math. Prog. Study, 21:127–138, 1984.

[8] M. Kočvara and J. V. Outrata. A nondifferentiable approach to the solution of optimum design problems with variational inequalities. In P. Kall, editor, Proc. of the 15th IFIP Conf. on System Modelling and Optimization, Lecture Notes in Control Inf. Sci. 180, pages 364–373, Zurich, Sept. 2–6 1991.

[9] J. Kyparisis. Sensitivity analysis for nonlinear programs and variational inequalities with nonunique multipliers. Math. Oper. Res., 15:286–298, 1990.

[10] J. V. Outrata. On the numerical solution of a class of Stackelberg problems.

Zeit. Oper. Res., 34:255–277, 1990.

[11] J. V. Outrata. On necessary optimality conditions for Stackelberg problems.

J. Optim. Theory Appl., 76:305–320, 1993.

[12] J. V. Outrata and J. Zowe. A nondifferentiable approach to the solution of control problems with variational inequalities. DFG Report 368, Math. Institut, Univ. of Bayreuth, 1992.

[13] K. Schittkowski. NLPQL: a FORTRAN subroutine solving constrained nonlinear programming problems. Annals Oper. Research, 5:485–500, 1985/86.

[14] H. Schramm and J. Zowe. A version of the bundle idea for minimizing a nonsmooth function: conceptual idea, convergence analysis, numerical results. SIAM J. Optimization, 2:121–152, 1992.