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Abstract

In learning Bayesian networks one meets the problem of non-unique graphical description
of the respective statistical model. One way to avoid this problem is to use special chain
graphs, named essential graphs. An alternative algebraic approach uses certain integer-
valued vectors, named standard imsets, instead. In this paper we present algorithms which
make it possible to transform graphical representatives into algebraic ones and conversely.
A direct formula is a basis for translation of any chain graph equivalent to a Bayesian
network into a standard imset. An inverse algorithm, which gives the essential graph, has
two stages. The middle result of this procedure is a certain sequence of sets of variables,
which can be turned into a hierarchical junction tree. We present both the mathematical
theory and the algorithms, which we implemented in the R language.

1 Introduction

General motivation for this paper is learning
Bayesian networks. The goal of a learning pro-
cedure is, given data, to determine the most
suitable statistical model (= a class of distri-
butions) among those which are attributed to
Bayesian networks (= acyclic directed graphs).
One usually tries to maximize a certain quality
criterion which ascribes the same value to equiv-
alent graphs, that is, graphs defining the same
statistical model. Such a criterion is often called
a score-equivalent criterion. A natural problem
one has to deal with is how to represent the
considered statistical models in the memory of
a computer. Although some authors do not in-
sist on their unique representation and use any
Bayesian network for this purpose (Kočka and
Castelo, 2001), a viable approach is to use some
uniquely determined representatives.

The most popular graphical representative of
a Bayesian network model is the essential graph

of the respective equivalence class of acyclic
directed graphs. It is a chain graph describ-

ing shared features of acyclic directed graphs
in the equivalence class. The term “essen-
tial” graph was proposed by Andersson, Madi-
gan and Perlman (1997a) who also gave ba-
sic graphical characterization of graphs that
are essential graphs. These graphs got differ-
ent names in the literature: completed pat-
terns (Verma and Pearl, 1991), maximally ori-
ented graphs for patterns (Meek, 1995) and
completed pdags (Chickering, 2002). It has
been shown recently (Studený, 2004a; Roverato,
2005) that the essential graph of an equivalence
class of acyclic directed graphs can be character-
ized as the largest chain graph within the class
of equivalent chain graphs without flags (i.e.,
without certain special induced subgraphs).

Another possible representative of a Bayesian
network statistical model is a certain integer-
valued vector, named a standard imset. This
algebraic representative plays an important role
in an algebraic method for describing proba-
bilistic conditional independence structures pre-
sented in (Studený, 2001; Studený, 2005). The
advantage of this approach is that usual qual-



ity criteria used in practice appear to be shifted
linear functions of these vectors – for details see
§ 8.4 of (Studený, 2004c; Studený, 2005).

The topic of this paper is the transition be-
tween these two representatives of a Bayesian
network model. One of the motives for the effort
to establish relation between them is as follows.
The concept of inclusion neighbourhood (Kočka
and Castelo, 2001; Auvrey and Wehenkel, 2002;
Studený, 2004b) plays an important role in the
method of local search (Bouckaert, 1995; Chick-
ering, 2002; Castelo, 2002), which is used to
maximize a quality criterion. The above men-
tioned algebraic approach is particularly suit-
able in this situation. This is because moves
from a given state (= Bayesian network model)
to its inclusion neighbours and the respective
changes in the value of a quality criterion are
characterized by certain elementary vectors –
for details see § 8.4 of (Studený, 2004c; Studený,
2005). At present, no characterization of the
collection of all inclusion neighbours of a given
Bayesian network model in terms of the stan-
dard imset is available. On the other hand, its
characterization in terms of the essential graph
is available (Studený, 2004b).

Transition from a graphical representative to
an algebraic one is relatively simple. We give a
formula for the standard imset on basis of any
chain graph which defines the respective statis-
tical model.

The inverse transition is more complex. First,
we introduce a series of characteristics of chain
graphs equivalent to Bayesian networks. They
allow one to design a reconstruction algorithm
for the essential graph. It has two parts. In the
first stage, a certain sequence of sets of variables
is obtained – these sets appear to be cliques
of closure graphs for components of the essen-
tial graph. The second stage is the proper re-
construction algorithm for the essential graph.
Moreover, the sequence of sets can be utilized
to constitute a certain hierarchical tree (Puch
et al., 2004), which can also be viewed as a
(non-unique) representative of the respective
Bayesian network statistical model.

Basic concepts and facts are recalled in Sec-
tion 2 where we define the standard imset for

an acyclic directed graph. A general formula
for the standard imset is given in Section 3; it
is applicable to any chain graph equivalent to
a Bayesian network. Then, in Section 4, the
above mentioned characteristics of chain graphs
are introduced. In Section 5 we formulate lem-
mas on which the reconstruction algorithm is
based. The algorithm is given in Section 6. In
Section 7 we discuss the relation to hierarchical
junction trees. We implemented all mentioned
algorithms in the R language (R Development
Core Team, 2004). In Conclusions we discuss
future perspectives.

2 Basic concepts

In this section we recall some of the concepts
and facts used in the paper.

2.1 Graphical notions

We assume that the reader is familiar with ba-
sic graphical concepts from the area of graphical
models. Their definitions can be found either
in § 2.1.1 of (Lauritzen, 1996), in § 4.1 of (Cow-
ell et al., 1999) or in §A.3 of (Studený, 2005).
In particular, we have in mind the concepts of
a chain graph, an undirected graph, an acyclic
directed graph, an induced subgraph and the
moral graph (of a graph). We will also need the
concept of a component1 of a chain graph and
the concept of a clique of an undirected graph.
The class of components of a chain graph G will
be denoted by C(G). The undirected version of
a graph will be called its underlying graph in
this paper. The set of parents of a set of nodes
C in a graph G will be denoted by paG(C). A
line between nodes a and b will be denoted by
a ! b in the text, an arrow from a to b by a→ b.

An important concept is that of a decom-

posable (undirected) graph, defined in § 2.1.2
of (Lauritzen, 1996), and the observation that
its cliques can be ordered into a sequence
C1, . . . , Cm, m ≥ 1 satisfying the running in-

tersection property:

∀ i ≥ 2 ∃ k < i Si ≡ Ci ∩ (
⋃

j<i

Cj) ⊆ Ck . (1)

1Some authors prefer to use a longer phrase a chain
component.



It is a well-known fact that the collection of sets
Si, 2 ≤ i ≤ m does not depend on the choice
of an ordering satisfying (1). We will call these
sets separators of the graph. Moreover, the mul-
tiplicity ν(S) of a separator S, that is, the num-
ber of indices i for which S = Si also does not
depend on the choice of an ordering satisfying
(1) – see Lemma 7.2 in (Studený, 2001; Stu-
dený, 2005).

Two types of configurations of three nodes
in a graph will play an important role in the
paper. An immorality in a chain graph G is
an induced subgraph for a set T = {a, b, c}, in
which a→ c← b and [a, b] is not an edge in G.
A flag in G is an induced subgraph, in which
a→ c, c ! b and [a, b] is not an edge.

Given two different chain graphs G and H

with the same underlying graph, we say that H

is larger than G if a → b in H implies a → b

in G. This means that H has more lines than
G. If C is a component of a chain graph G then
by a closure graph for C we will understand the
moral graph of the induced subgraph for the set
D = C ∪ paG(C), in notation GD.

2.2 Bayesian networks

We understand a Bayesian network as a sta-
tistical model attributed to an acyclic directed
graph. More specifically, given such a graph G

over a set of variables (= nodes) N and a col-
lection Xi, i ∈ N of individual sample spaces
(i.e., non-empty finite sets) for variables, one
can introduce the corresponding class of prob-
ability measures on

∏

i∈N Xi, that is, a statis-

tical model. The probability measures in the
class can either be introduced as those which
factorize recursively according to G or, equiva-
lently, as those which satisfy conditional inde-
pendence restrictions given either by the mor-
alization or by the d-separation criterion – see
§ 3.2.2 of (Lauritzen, 1996). In this paper, the
phrase Bayesian network model will be used
to name the above-mentioned statistical model.
Thus, in learning Bayesian networks, the goal of
a learning procedure is to determine that statis-
tical model on basis of data.

Remark. Some authors define a Bayesian net-
work as a pair: a graph and a probability mea-

sure which factorizes according to the graph. In
our approach, we are interested in the whole
class of probability measures which has the
same structure, described solely by the graph.
In brief, we are interested in structure of a
Bayesian network. Thus, our interest in learn-
ing Bayesian networks is, therefore, restricted to
structural learning – see Chapter 11 in (Cowell
et al., 1999). For this reason we use the terms
‘Bayesian network’ and ‘acyclic directed graph’
as synonyms in the rest of the paper. Note that
one can analogously ascribe a certain statistical
model to every chain graph – see § 3.2.3 in (Lau-
ritzen, 1996).

2.3 Equivalence and essential graph

Two Bayesian networks, respectively two chain
graphs, are called Markov equivalent if they rep-
resent the same statistical model. In standard
situations2, this requirement is equivalent to the
condition that they are independence equiva-

lent , that is, they define the same collection
of conditional independence restrictions. Verma
and Pearl (1991) gave a direct graphical charac-
terization of equivalent Bayesian networks: they
are independence equivalent iff they have the
same underlying graph and the same collection
of immoralities. Note that Frydenberg (1990)
achieved a similar result for chain graphs, but
his characterization is more complex. On the
other hand, the same equivalence characteri-
zation result as for Bayesian networks holds
for chain graphs without flags – see Lemma 2
in (Studený, 2004a).

An equivalence class G of Bayesian networks
(over N) can be described by its essential graph

which is a (chain) graph G∗ defined as follows:

• a→ b in G∗ iff a→ b in G for every G ∈ G,

• a ! b in G∗ iff there are G1, G2 ∈ G such
that a→ b in G1 and b→ a in G2.

Example An example of the essential graph of
an equivalence class is given in Figure 1.

A graphical characterization of essential
graphs was presented by Andersson, Madigan

2See § 6.1.1 of (Studený, 2005) for an explanation.
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Figure 1: Example of an essential graph.

and Perlman (1997a). A consequence of their
characterization is that every essential graph is
a chain graph G∗ without flags such that, for ev-
ery its component C, the induced subgraph G∗

C

is decomposable. Actually, it has been shown
recently in (Studený, 2004a) and independently
in (Roverato, 2005) that the essential graph of
G is just the largest graph in the class of chain
graphs without flags equivalent to the graphs in
G. Another useful fact is the following one – see
Lemma 3 in (Studený, 2004a).

Lemma 1 A chain graph H without flags is
equivalent to a Bayesian network iff, for every
component C of H, the induced subgraph HC

is decomposable.

2.4 Imsets

An integer-valued function on the power set
P(N) = {A; A ⊆ N} of N will be called an
imset over N . Of course, it can be viewed as a
vector whose components are integers indexed
by subsets of N . Given A ⊆ N the symbol δA

will denote an imset identifying this set:

δA(B) =

{

1 if B = A,

0 otherwise.

Remark. In (Studený, 2001; Studený, 2005) a
certain class of structural imsets is introduced.
These imsets are used to describe probabilis-
tic conditional independence structures. Ev-
ery structural imset defines through an alge-
braic criterion a collection of conditional inde-
pendence restrictions – the criterion is an anal-
ogy of graphical separation criteria mentioned
in Section 2.2. Thus, a wider class of statis-
tical models of conditional independence struc-
ture can be considered.

However, to describe Bayesian network mod-
els, it is suitable to consider only a certain sub-

class of the class of structural imsets. Given an
acyclic directed graph G over N , the standard

imset for G is given by the formula

uG = δN−δ∅+
∑

a∈N

{δpaG(a)−δ{a}∪paG(a)} . (2)

The point is that the standard imset is a
uniquely determined representative of an equiv-
alence class of Bayesian networks. The follow-
ing result is proved as Corollary 7.1 in (Studený,
2001; Studený, 2005).

Lemma 2 Two acyclic directed graphs G and
H are independence equivalent iff uG = uH .

2.5 Quality criteria and imsets in
learning Bayesian networks

It was shown in § 8.4.2 of (Studený, 2004c; Stu-
dený, 2005) that typical quality criteria used
in practice have a special form. More specif-
ically, every criterion Q(D, G) depending on
data D and a Bayesian network G which is
score-equivalent and decomposable has the form

Q(D, G) = sQD +
∑

S⊆N

tQD(S) · uG(S),

where sQD is a constant depending on data and
[tQD(S)]S⊆N is so-called data vector (relative to
a criterion Q).

Example In the case of a well-known Bayesian
information criterion (= BIC) one has the fol-
lowing formula for the respective data vec-
tor (Studený, 2004c; Studený, 2005):

tBIC

D (S) = d ·H(P̂S |
∏

i∈S

P̂i) (3)

−
1

2
· ln d · { |S| − 1 +

∏

i∈S

r(i)−
∑

i∈S

r(i) } ,

where ∅ 6= S ⊆ N , d is the length of the
database D, H(∗|∗) denotes the relative en-
tropy, P̂S is the marginal of the empirical mea-
sure (based on D) for S and r(i) = |Xi|, i ∈ S

are the cardinalities of the respective individual
sample spaces. Moreover, one has tBIC

D (∅) = 0.

Thus, if the criterion and data are fixed, it
is a sum of a constant and a linear function
of the standard imset. Moreover, a move from



a Bayesian network to its inclusion neighbour
can be described by a certain differential imset

which has an elementary form

u〈a,b|C〉 = δ{a,b}∪C + δC − δ{a}∪C − δ{b}∪C ,

where a 6= b ∈ N , C ⊆ N \ {a, b}. Thus, it can
be interpreted in terms of conditional indepen-
dence a ⊥⊥ b |C. In particular, the respective
change in the value of Q takes a neat form of
the scalar product of two vectors:

〈tQD, u〈a,b|C〉〉 =
∑

S⊆N

tQD(S) · u〈a,b|C〉(S) .

3 General formula

In this section we give a formula for the stan-
dard imset on basis of any chain graph H over N

which is equivalent to a Bayesian network.
It is a well-known fact that all closure graphs

H̄(C) ≡ (HC∪paH(C))
mor for components C ∈

C(H) of such a graph are decomposable (Ander-
sson et al., 1997b). Let K̄(C) denote the collec-
tion of cliques of H̄(C) and S̄(C) the collection
of separators in H̄(C). Further, let ν̄C(S) de-
note the multiplicity of a separator S in H̄(C).

The standard imset for H is given by the fol-
lowing formula:

uH = δN − δ∅ +
∑

C∈C(H)

{ δpaH(C) (4)

−
∑

K∈K̄(C)

δK +
∑

S∈S̄(C)

ν̄C(S) · δS } .

The point is that the formula (4) gives the same
result for equivalent chain graphs.

Lemma 3 Let G and H are equivalent chain
graphs such that there exists a Bayesian net-
work equivalent to them. Then uG = uH .

The proof of Lemma 3 is omitted for it is too
long. It is based on the idea of a certain ele-
mentary operation of ‘feasible’ merging of com-
ponents in a chain graph. This operation gives
an equivalent chain graph which is, however,
larger. Thus, every chain graph can successively
be transformed into the respective largest chain
graph. Moreover, the formula (4) gives the same
result after each application of that elementary
operation.

subset of N value
{a, b, c, d, e, f, g} +1
∅ +1
{a, b} +2
{a, b, c} −1
{a, b, d} −1
{a, e} −1
{b} −1
{d, f} +1
{d, f, g} −1
{e} +1
{e, f} −1

Table 1: The standard imset for the essential
graph from Figure 1. The values for remaining
subsets of N are zero.

Of course, if H = G is a Bayesian network,
then (4) gives the same result as (2).

Corollary 1 Let G be a Bayesian network
and H the essential graph of the respective
equivalence class. Then the formula (4) gives
the standard imset for G.

Example In Table 1 we give the standard im-
set for the essential graph from Figure 1.

4 Graphical characteristics

The formula (4) can be simplified for chain
graphs without flags. In this section, we intro-
duce some characteristics of these graphs that
will be used in the simplified formula given in
Section 5.

4.1 Initial components

A component C ∈ C(H) of a chain graph H

such that paH(C) = ∅ will be called an initial

component of H. Actually, it is a counterpart
of the concept of a terminal component. Let
us denote by i(H) the number of initial compo-
nents in H. Note that this number appears to
be the same for equivalent chain graphs.

Example The chain graph H in Figure 1 has
two initial components: {b} and {a, e, f}. Thus,
i(H) = 2.

4.2 Core

We will say that a set B of nodes in a chain
graph H over N is idle if the following two con-
ditions hold:



• ∀ b1 6= b2 ∈ B, [b1, b2] is an edge in H,

• ∀ a ∈ N \B, ∀ b ∈ B a→ b in H.

The meaning of these conditions is that no non-
trivial conditional independence statement rep-
resented in H involves variables in B. The sec-
ond condition implies that every component of
H intersecting an idle set B is contained in B.

One can easily show that every chain graph H

over N has a unique maximal idle set of nodes,
possibly empty. The set can be shown to be the
same for equivalent chain graphs. Note that
if H is the essential graph of an equivalence
class of Bayesian networks and has a non-empty
maximal idle set, then the maximal idle set is a
component of H. Actually, it is a supertermi-

nal component of H, that is, a non-empty set
C ⊆ N such that HC is a complete undirected
graph and paH(c) = N \ C for every c ∈ C.

Let us call the complement of the maximal
idle set in H the core of H and denote it by
core(H). The class of core-components, that is,
components of H contained in the core, will be
denoted by Ccore(H). Observe that if the core
is non-empty then every initial component is a
core-component.

4.3 Cliques and separators

If H is a chain graph equivalent to a Bayesian
network then every its core-component C in-
duces a decomposable graph HC by Lemma 1.
Let us denote by K(C) the class of its cliques,
by S(C) the collection of its separators, and by
νC(S) the multiplicity of S ∈ S(C) in HC . Note
that, since C is connected, every S ∈ S(C) is a
non-empty proper subset of core(H).

Example The chain graph H from Figure 1
has an empty maximal idle set, i.e., the core is
core(H) = N . Its core-components are C1 =
{a, e, f}, C2 = {b}, C3 = {c}, C4 = {d} and
C5 = {g}. All components except for C1 have
only one clique and no separator. The set of
cliques of HC1

is K(C1) = {{a, e}, {e, f}} and
the set of its separators is S(C1) = {{e}}.

On the other hand, if the example is modified
by incorporating a new node h such that n→ h

for every n ∈ {a, . . . , g} then the maximal idle
set would be {h}.

4.4 Parent sets

A set P ⊆ N will be called a parent set in a
chain graph H if it is non-empty and there
exists a core-component C ∈ Ccore(H) with
P = paH(C). The multiplicity τ(P ) of a parent
set P is the number of C ∈ Ccore(H) with P =
paH(C). Let us denote the collection of parent
sets in H by Pcore(H). Evidently, every P ∈
Pcore(H) is a proper subset of core(H).

Example The parent set of the chain graph
H from Figure 1 is Pcore(H) = {{a, b}, {d, f}}.
The multiplicities are τ({a, b}) = 2 and
τ({d, f}) = 1.

5 Adapted formula

Of course, the characteristics introduced in Sec-
tions 4.3 and 4.4 are not invariants of equiva-
lence of chain graphs. Nevertheless, it follows
from the formula below that they allow one to
introduce some invariants.

Lemma 4 Let H be a chain graph without
flags equivalent to a Bayesian network with
core(H) 6= ∅. Then the standard imset for H

is given by

uH = δcore(H) −
∑

C∈Ccore(H)

∑

K∈K(C)

δK∪paH(C)

+
∑

C∈Ccore(H)

∑

S∈S(C)

νC(S) · δS∪paH(C)

+
∑

P∈Pcore(H)

τ(P ) · δP + {i(H)− 1} · δ∅ .

Although the formula is not difficult to verify
we omit its proof to keep the reasonable length
of the paper. The formula implies that the class
of sets

{K ∪ paH(C); K ∈ K(C), C ∈ Ccore(H)}

and the class of sets

Pcore(H)∪{S∪paH(C); S ∈ S(C), C ∈ Ccore(H)}

are invariants of equivalence of considered chain
graphs. The point is that, in the case of a non-
trivial essential graph, these classes of sets are
disjoint. We omit the proof of the following
technical lemma.



Lemma 5 Let H be the essential graph of an
equivalence class of Bayesian networks over N

such that uH 6= 0. Then, for every L ⊆ N ,
exclusively one of the following options occurs:

(a) L = core(H) and uH(L) = +1,

(b) L = K ∪ paH(C) for K ∈ K(C),
C ∈ Ccore(H) and uH(L) = −1,

(c) L = S∪paH(C) for S ∈ S(C), C ∈ Ccore(H)
and uH(L) = νC(S) > 0,

(d) L = P for P ∈ Pcore(H) and uH(L) =
τ(P ) > 0,

(e) L = ∅ and uH(L) = i(H)− 1,

(f) none of above cases occurs and uH(L) = 0.

It follows from Lemma 5 that, given a non-
zero standard imset, one can determine simply
the core of the essential graph, the number of
its initial components, the collection of sets from
(b) and the union of sets from (c) and (d).

6 Reconstruction algorithm

Lemma 5 is a basis of a two-stage reconstruc-
tion algorithm for the essential graph from the
standard imset; the proof of its correctness is
omitted for it requires several additional tech-
nical lemmas.

The first stage of the algorithm is described in
Table 2. The output of this stage is an ordered
sequence of sets T = {Ti}

n
i=1 where ∅ 6= Ti ⊆ N ,

i = 1, . . . , n.
The basic idea of the first stage of the algo-

rithm is to search for a clique V = K ∪paH(C),
K ∈ K(C) of the closure graph for a compo-
nent C ∈ C(H) that is a leaf of a junction tree
for cliques of H̄(C). The class V (line 13) is
the class of sets that are candidates for V since
their imset values are negative. The set W (line
14) contains variables that appear in at least
two sets from V. This is a necessary condi-
tion for the variables belonging to a separator
Z = S∪paH(C), S ∈ S(C) in a junction tree for
cliques of H̄(C). Therefore, V ∩W is a candi-
date for the separator Z attributed to the clique
V . Moreover, V is required to contain at least

one variable that is not in Z and if Z is non-
empty then it must have a positive imset value
(line 19).

Once such a set V is found, it is appended to
T (line 20), its corresponding semi-elementary
imset

u〈Q,R|Z〉 = δQ∪R∪Z + δZ − δQ∪Z − δR∪Z

is subtracted from the input imset (line 22) and
the set Y is shrunked (line 23). Note that the
assumption that the input is the standard imset
for an acyclic directed graph ensures that the
procedure will not reach a dead end.

Example The ordered sequence of subsets that
is the outcome of the first stage for the imset
given in Table 1 is

{a, b, c}, {d, f, g}, {a, b, d}, {a, e}, {b}, {e, f} . (5)

The second stage of the reconstruction algo-
rithm is presented in Table 3. The sequence of
sets T = {Ti}

n
i=1 is used to get the essential

graph H corresponding to the imset that was
input of the first stage.

Elements of the sequence T are taken in the
reverse order. Each set Tj corresponds to a
clique K of the induced subgraph HC for a
component C of H, i.e. Tj = K ∪ paH(C),
K ∈ K(C), C ∈ C(H). Therefore, Tj is par-
titioned into three subsets: R, X and Z \ X

(lines 7-14). More specifically,

• if X is non-empty then it is a separator in
HC attributed to the clique K,

• R is the residual K \X of the clique K, and

• Z \ X is the parent set of the respective
component C.

Thus, edges are added to the constructed es-
sential graph H as follows: lines join all pairs of
distinct nodes in X×R and R×R, while arrows
are directed from Z \X to R (lines 15-20).

Example Of course, the output of the second
stage of the algorithm applied to the ordered se-
quence (5) of subsets of N is the essential graph
in Figure 1.



Table 2: The first stage of the reconstruction algorithm.

Input: a standard imset u over a non-empty set of variables N
Output: an ordered sequence T = {Ti}

n
i=1 of cliques ∅ 6= Ti ⊆ N, i = 1, . . . , n of closure

graphs for components of the essential graph corresponding to the imset u

1 Y := N ; T := ∅;
2 repeat

3 if u = 0 then

4 T := append(T , Y );
5 goto 25;

6 else

7 if u(Y ) = 0 then

8 T := append(T , Y );
9 M := {M ⊆ Y : u(M) 6= 0};
10 Y := arg maxM∈M |M |;
11 goto 3;

12 else

13 V := {V ⊆ Y : u(V ) < 0};
14 W := {w ∈ Y : |{V ∈ V : w ∈ V }| ≥ 2};
15 L := {L ⊆ Y : u(L) > 0 & L 6= Y } ∪ {∅};
16 for V ∈ V do

17 Z := V ∩ W;

18 R := V \ Z;

19 if R 6= ∅ & Z ∈ L then

20 T := append(T , V );
21 Q := Y \ V ;

22 u := u − u〈Q,R|Z〉;

23 Y := Y \ R;

24 goto 3;

25 return T ;

Table 3: The second stage of the reconstruction algorithm.

Input: an ordered sequence T = {Ti}
n
i=1 of cliques ∅ 6= Ti ⊆ N, i = 1, . . . , n of closure

graphs for components of the essential graph corresponding to the imset u
Output: the essential graph H over N with a set of edges E (the one which corresponds to u)

1 E := ∅;
2 Y := Tn;

3 for (u, v) ∈ Y × Y do

4 if u 6= v then E := E ∪ {u! v};
5 H := the graph over Y with edges E;
6 for j ∈ {n − 1, . . . , 1} do

7 Z := Tj ∩ Y ;

8 R := Tj \ Z;

9 X := ∅;
10 if Z 6= ∅ then

11 G := the graph over Z with edges E ∩ (Z × Z);
12 for D ∈ C(G) do

13 if {u! v; u 6= v, u, v ∈ D} ⊆ E & ∀ d ∈ D : paH(d) = paG(d) = Z \ D then

14 X := D;

15 for (u, v) ∈ X × R do

16 E := E ∪ {u! v};
17 for (u, v) ∈ (Z \ X) × R do

18 E := E ∪ {u → v};
19 for (u, v) ∈ R × R do

20 if u 6= v then E := E ∪ {u! v};
21 Y := Y ∪ Tj;

22 H := the graph over Y with edges E;
23 return H;
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Figure 2: Units of a hierarchical junction tree.
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Figure 3: A hierarchical junction tree.

7 Construction of a hierarchical
junction tree

The sequence of sets that is the outcome of
the first stage (Table 2) can also be used to
construct a hierarchical junction tree similar to
those introduced in (Puch et al., 2004).

Each set in the sequence defines a node of the
hierarchical junction tree whose entering edges
could be labelled by sets X or Z obtained during
the second stage of the reconstruction algorithm
(see Table 3). More specifically, each node Tj

may or may not be ascribed an entering edge
and the edge can be labelled either by a separa-
tor X (if X 6= ∅) or by a parent set Z (if X = ∅
and Z ≡ Z \X 6= ∅). These units can be used
then to compose the whole hierarchical junction
tree. Due to the lack of space we omit details of
the construction and give two examples instead.

Example The nodes of a hierarchical junction
tree constructed from the sequence (5) are given
in Figure 2, including their attributed separa-
tors and parent sets. The resulting hierarchical
junction tree is given in Figure 3.

Example Figure 4 gives another example of

c

b

e

a

d

Figure 4: An essential graph.

a, b, d, e

d

b a, b, c, d

a, b

a

Figure 5: Units of a hierarchical junction tree.

an essential graph H. The first stage of the re-
construction algorithm applied to the standard
imset uH ends with the sequence of sets

{a, b, c, d}, {a, b, d, e}, {a}, {b} .

The nodes of the respective hierarchical junc-
tion tree are given in Figure 5, including their
attributed separators and parent sets. The re-
sulting hierarchical junction tree is given in
Figure 6. In that picture, the parent set
paH({c, d, e}) = {a, b} is attributed to just one
node of the hierarchical junction tree. One can
perhaps draw a picture in which every parent
set is ascribed to every node of the respective
component of the hierarchical junction tree.

Conclusions

The presented procedures for the transition be-
tween graphical and algebraic representatives of
a Bayesian network model can be the first step
on the way towards a fully algebraic method for
learning Bayesian networks. We hope that the
procedures can be utilized to find a characteri-
zation of the inclusion neighbourhood of a given

a, b

b

a, b, c, dda, b, d, e

a

Figure 6: A hierarchical junction tree.



Bayesian network model in terms of the stan-
dard imset. This will be a topic of a future re-
search. We also plan to study the polytope gen-
erated by standard imsets over N hoping that
linear programming maximization methods can
be applied in learning Bayesian networks.
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